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PREFACE.

THIS book is intended to form a companion volume to my

edition of the treatise of Apollonius on Conic Sections
lately published. If it was worth while to attempt to make the
work of “the great geometer” accessible to the mathematicidn
of to-day who might not be able, in consequence of its length
and of its form, either to read it in the original Greek or in a
Latin translation, or, having read it, to master it and grasp the
whole scheme of the treatise, I feel that I owe even less of an
apology for offering to the public a reproduction, on the same
lines, of the extant works of perhaps the greatest mathematical
genius that the world has ever seen.

Michel Chasles has drawn an instructive distinction between
the predominant features of the geometry of Archimedes and
of the geometry which we find so highly developed in Apollo-
nius. Their works may be regarded, says Chasles, as the origin
and basis of two great inquiries which scem to share between
them the domain of geometry. Apollonius is concerned with
the Geometry of Forms and Situations, while in Archimedes
we find the Geometry of Measurements dealing with the quad-
rature of curvilinear plane figures and with the quadrature
and cubature of curved surfaces, investigations which “gave
birth to the calculus of the infinite conceived and brought
to perfection successively by Kepler, Cavalieri, Fermat, Leibniz,
and Newton.” But whether Archimedes is viewed as the
man who, with the limited means at his disposal, nevertheless
succeeded in performing what are really integrations for the
purpose of finding the area of a parabolic segment and a
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spiral, the surface and volume of a sphere and a segmwent
of a sphere, and the volume of any segments of the solids
of revolution of the second degree, whether he is seen finding
the centre of gravity of a parabolic segment, calculating
arithmetical approximations to the value of ar, inventing a
system for expressing in words any number up to that which
we should write down with 1 followed by 80,000 billion
ciphers, or inventing the whole science of hydrostatics and at
the same time carrying it so far as to give a most complete
investigation of the positions of rest and stability of a right
segment of a paraboloid of revolution floating in a fluid, the
intelligent reader cannot fail to be struck by the remarkable
range of subjects and the mastery of treatment. And if these
are such as to creatc genuine enthusiasm in the student of
Archimedes, the style and method are no less irresistibly
attractive. One feature which will probably most impress the
mathematician accustomed to the rapidity and directness secured
by the generality of modern methods is the deliberation with
which Archimedes approaches the solution of any one of his
main problems. Yet this very characteristic, with its incidental
effects, is calculated to excite the more admiration because the
method suggests the tactics of some great strategist who
foresees everything, eliminates everything not immediately
conducive to the cxecution of his plan, masters every position
in its order, and then suddenly (when the very elaboration of
the scheme has almost obscured, in the mind of the spectator,
its ultimate object) strikes the final blow. Thus we read in
Archimedes proposition after proposition the bearing of which is
not immediately obvious but which we find infallibly used later
on; and we are led on by such easy stages that the difficulty of
the original problem, as presented at the outset, is scarcely
appreciated. As Plutarch says, “it is not possible to find in
geometry more difficult and troublesome questions, or more
simple and lucid explanations.” But it is decidedly a rhetorical
exaggeration when Plutarch goes on to say that we are deceived
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by the easiness of the successive steps into the belief that anyone
could have discovered them for himself. On the contrary, the
studied simplicity and the perfect finish of the treatises involve
at the same time an element of mystery. Though each step
depends upon the preceding ones, we are left in the dark as to
how they were suggested to Archimedes. There is, in fact,®
much truth in a remark of Wallis to the effect that he seems
“as it were of set purpose to have covered up the traces of his
investigation as if he had grudged posterity the secret of his
method of inquiry while he wished to extort from them assent
to his results.” Wallis adds with equal reason that not only
Archimedes but nearly all the ancients so hid away from
posterity their method of Analysis (though it is certain that
they had one) that more modern mathematicians found it easier
to invent a new Analysis than to seek out the old. This is no
doubt the reason why Archimedes and other Greek geometers
have received so little attention during the present century and
why Archimedes is for the most part only vaguely remembered
as the inventor of a screw, while even mathematicians scarcely
know him except as the discoverer of the principle in hydro-
statics which bears his name. It is only of recent years that
we have had a satisfactory edition of the Greek text, that of
Heiberg brought out in 1880-1, and I know of no complete
translation since the German one of Nizze, published in 1824,
which is now out of print and so rare that I had some difficulty
in procuring a copy.

The plan of this work is then the same as that which I
followed in editing the Conics of Apollonius. In this case,
however, there has been less need as well as less opportunity for
compression, and it has been possible to retain the numbering
of the propositions and to enunciate them in a manner more
nearly approaching the original without thereby making the
enunciations obscure. Moreover, the subject matter is not so
complicated as to necessitate absolute uniformity in the notation
used (which is the only means whereby Apollonius can be made
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even tolerably readable), though I have tried to secure as mugh
uniformity as was fairly possible. My main object has been to
present a perfectly faithful reproduction of the treatises ag they
have come down to us, neither adding anything nor leaving out
anything essential or important. The notcs are for the most
part intended to throw light on particular points in the text or
to supply proofs of propositions assumed by Archimedes as
known ; sometimes I have thought it right to insert within
square brackets after certain propositions, and in the same type,
notes designed to bring out the exact significance of those
propositions, in cases where to place such notes in the Intro-
duction or at the bottom of the page might lead to their being
overlooked.

Much of the Introduction is, as will be seen, historical ; the
rest is devoted partly to giving a more general view of certain
methods employed by Archimedes and of their mathematical
significance than would be possible in notes to separate propo-
sitions, and partly to the discussion of certain questions arising
out of the subject matter upon which we have no positive
historical data to guide us. In these latter cases, where it is
necessary to put forward hypotheses for the purpose of explaining
obscure points, I have been careful to call attention to their
speculative character, though I have given the historical evidence
where such can be quoted in support of a particular hypothesis,
my object being to place side by side the authentic information
which we possess and the inferences which have been or may
be drawn from it, in order that the reader may be in a position
to judge for himself how far he can accept the latter as probable.
Perhaps I may be thought to owe an apology for the length of
one chapter on the so-called vevaes, or inclinationes, which goes
somewhat beyond what is necessary for the elucidation of
Archimedes; but the subject is interesting, and I thought it
well to make my account of it as complete as possible in
order to round off, as it were, my studies in Apollonius and
Archimedes.
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oI have had one disappointment in preparing this book for
the press. I was particularly anxious to place on or opposite
" the title-page a portrait of Archimedes, and I was encouraged
in this idea by the fact that the title-page of Torelli’s edition
bears a representation in medallion form on which are endorsed
the words Archimedis effigies marmorea in veteri anaglypho>
Romae asservato. Caution was however suggested when I
found two more portraits wholly unlike this but still claiming to
represent Archimedes, one of them appearing at the beginning
of Peyrard’s French translation of 1807, and the other in
Gronovius’ Thesaurus Graecarum Antiquitatum ; and I thought
it well to inquire further into the matter. I am now informed
by Dr A. S. Murray of the British Museum that there does
not appear to be any authority for any one of the three, and
that writers on iconography apparently do not recognise an
Archimedes among existing portraits. I was, therefore, re-
luctantly obliged to give up my idea.

The proof sheets have, as on the former occasion, been read
over by my brother, Dr R. S. Heath, Principal of Mason College,
Birmingham ; and I desire to take this opportunity of thanking
him for undertaking what might well have seemed, to any one
less genuinely intercsted in Greek geometry, a thankless task.

T. L. HEATH.

March, 1897.
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INTRODUCTION.

CHAPTER 1.
ARCHIMEDES,

A LIFE of Archimedes was written by one Heracleides*, but
this biography has not survived, and such particulars as are known
have to be collected from many various sourcest. According to
Tzetzes} he died at the age of 75, and, as he perished in the sack
of Syracuse (B.c. 212), it follows that he was probably born about
287 B.c. He was the son of Pheidias the astronomer§, and was
on intimate terms with, if not related to. king Hieron and his

* Eutocius mentions this work in his commentary on Archimedes’ Measure-
ment of the circle, ds pnow "Hpaxheidns év 1@ "Apxunhdovs Bly. He alludes to it
again in his commentary on Apollonius’ Conics (ed. Heiberg, Vol. m. p. 168),
where, however, the name 1s wrong'v given as 'Hpdx\ewos. This Heracleides is
perhaps the same as the Heracleiues mentioned by Archimedes himself in the
preface to his book On Spirals.

+ An exhaustive collection of the materials is given in Heiberg’s Quuestiones
Archimedeae (1879). The preface to Torelli's edition also gives the main points,
and the same work (pp. 363—370) quotes at length most of the original
references to the mechanical inventions of Archimedes. Further, the article
A4rchimedes (by Hultsch) in Pauly-Wissowa's Real-Encyclopiidie der classischen
Altertumswizsenschaften gives an entirely admirable summary of all the available
information. See also Susemihl's Geschichte der griechischen Litteratur in der
Alerandrinerzeit, 1. pp. 723—733.

1 Tzetzes, Chiliad., 11. 35, 105.

§ Pheidias is mentioned in the Sand-reckoner of Archimedes, v »porépwy
doTporéywy Evd6ou .. Pedla 8¢ Tol auod warpos (the last words being the correction
of Blass for rol 'Axobwarpos, the reading of the text). Cf. Schol. Clark. in
Qregor. Nazianz. Or. 34, p. 355a Morel. Pedlas 76 uév yévos 7w Zvpaxboios
darpoNbyos & "ApxiuhSous warihp.
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son Gelon. It appears from a passage of Diodorus* that he spent
a considerable time at Alexandria, where it may be inferred that
he studied with the successors of Euclid. It may have been at
Alexandria that he made the acquaintance of Conon of, Samos
(for whom he had the highest regard both as a mathematician
and as a personal friend) and of Eratosthenes. To the former
he was in the habit of communicating his discoveries before their
publication, and it is to the latter that the famous Cattle-problem
purports to have been sent. Another friend, to whom he dedicated
several of his works, was Dositheus of Pelusium, a pupil of Conon,
presumably at Alexandria though at a date subsequent to Archi-
medes’ sojourn there.

After his return to Syracuse he lived a lifc entirely devoted
to mathematical research. Incidentally he made himself famous
by a variety of ingenious mechanical inventions. These things
were however merely the “diversions of geometry at play +,” and
he attached no importance to them. In the words of Plutarch, “he
possessed so high a spirit, so profound a soul, and such treasures
of scientific knowledge that, though these inventions had obtained
for him the renown of more than human sagacity, he yet would
not deign to leave behind him any written work on such subjects,
but, regarding as ignoble and sordid the business of mechanics
and every sort of art which is directed to use and profit, he placed
his whole ambition in those speculations in whose beauty and
subtlety there is no admixture of the common needs of lifet.” In
fact he wrote only one such mechanical book, On Sphere-makings,
to which allusion will be made later.

Some of his mechanical inventions were used with great effect
against the Romans during the siege of Syracuse. Thus he contrived

* Diodorus v. 37, 3, ods [roUs xoxNas] 'Apxtundns 6 Svpaxdaeos elpev, dTe
wapéBalev els Alyvmrov.

+ Plutarch, Marcellus, 14.

1 ibid. 17.

§ Pappus vir. p. 1026 (ed. Hultsch). Kdpros 3¢ wob ¢pnow 6 'Avrioxeds
*Apxeuhdn Tév Zvpaxboiov & povov BifNiov cuvreTaxévar unxavikdy TS KaTd THY
adapomrolav, TGv 8¢ ANNwy o0dév Nbwwkévar cuvrdfar.  kalror mapa Tols mwoNNois éml
uyxaviky dofaglels kal ueyakoguls Tis yevbuevos 6 Bavuaards éxelvos, Wore Sapelvar
wapd widow dvlpdmors UmepBalNbyTws UpuvoUpevos, TOV Te WponyoURévwY YEWRETPIKT)S
xal apiOunrixiis éxopévwr Oewplas Ta. Bpaxirara Sokoivra elvar gwovdalws curéypager
O ¢alverar Tas eipnuévas émaTiuas olrws dyamfoas ws undév Ewlev Umouévew
avrals éwewrdyew.
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catapults so ingeniously constructed as to be equally serviceable
at Yong or short ranges, machines for discharging showers of
misgsiles through holes made in the walls, and others consisting
of long moveable poles projecting beyond the walls which either
dropped heavy weights upon the enemy’s ships, or grappled the
prows by means of an iron hand or a beak like that of a crane,
then lifted them into the air and let them fall again®*. Marcellus
is said to have derided his own engineers and artificers with the
words, ‘“Shall we not make an end of fighting against this geo-
metrical Briareus who, sitting at ease by the sea, plays pitch and
toss with our ships to our confusion, and by the multitude of
missiles that he hurls at us outdoes the hundred-handed giants of
mythology ?1”; but the exhortation had no effect, the Romans being
in such abject terror that “if they did but see a piece of rope
or wood projecting above the wall, they would cry ¢there it is
again,’ declaring that Archimedes was setting some engine in motion
against them, and would turn their backs and run away, insomuch
that Marcellus desisted from all conflicts and assaults, putting all
his hope in a long siege}.”

If we are rightly informed, Archimedes died, as he had lived,
absorbed in mathematical contemplation. The accounts of the
exact circumstances of his death differ in some details. Thus
Livy says simply that, amid the scenes of confusion that followed
the capture of Syracuse, he was found intent on some figures which
he had drawn in the dust, and was killed by a soldier who did
not know who he was§. Plutarch gives more than one version in
the following passage. ‘¢ Marcellus was most of all afflicted at
the death of Archimedes; for, as fate would have it, he was intent
on working out some problem with a diagram and, having fixed
his mind and his eyes alike on his investigation, he never noticed
the incursion of the Romans nor the capture of the city. And
when a soldier came up to him suddenly and bade him follow to

* Polybius, Hist. vin. 7—8 ; Livy xx1v. 34; Plutarch, Marcellus, 15—17.

+ Plutarch, Marcellus, 17.

+ abid.

§ Livy xxv. 31. Cum multa irae, multa auaritiae foeda exempla ederentur,
Archimedem memoriae proditum est ic tanto tumultu, quantum pauor captae
urbis in discursu diripientium militum ciere poterat, intentum formis, quas in
puluere descripserat, ab ignaro milite quis esset interfectum ; aegre id Marcellum
tulisse sepulturaeque curam habitam, et propinquis etiam inquisitis honori
praesidioque nomen a¢ memoriam eius fuisse.

H. A. b
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Marcellus, he refused to do so until he had worked out his problem
to a demonstration; whereat the soldier was so enraged that he
drew his sword and slew him. Others say that the Roman ran
up to him with a drawn sword offering to kill him; and, when
Archimedes saw him, he begged him earnestly to wait a short time
in order that he might not leave his problem incomplete and
unsolved, but the other took no notice and killed him. Again
there is a third account to the effect that, as he was carrying to
Marcellus some of his mathematical instruments, sundials, spheres,
and angles adjusted to the apparent size of the sun to the sight, some
soldiers met him and, being under the impression that he carried
gold in the vessel, slew him*.” The most picturesque version of the
story is perhaps that which represents him as saying to a Roman
soldier who came too close, “Stand away, fellow, from my diagram,”
whereat the man was so enraged that he killed him . The addition
made to this story by Zonaras, representing him as saying mapa
xepadav kal ) wapa ypappdv, while it no doubt recalls the second
version given by Plutarch, is perhaps the most far-fetched of the
touches put to the picture by later hands.

Archimedes is said to have requested his friends and relatives
to place upon his tomb a representation of a cylinder circumscribing
a sphere within it, together with an inscription giving the ratio
which the cylinder bears to the sphere}; from which we may
infer that he himself regarded the discovery of this ratio [Un thr
Sphere and Cylinder, 1. 33, 34] as his greatest achievement. Cicero,
when quaestor in Sicily, found the tomb in a neglected state and
restored it§.

Beyond the above particulars of the life of Archimedes, we
have nothing left except a number of stories, which, though perhaps
not literally accurate, yet help us to a conception of the personality
of the most original mathematician of antiquity which we would
not willingly have altered. Thus, in illustration of his entire
preoccupation by his abstract studies, we are told that he would
forget all about his food and such necessities of life, and would
be drawing geometrical figures in the ashes of the fire, or, when

* Plutarch, Marcellus, 19.

+ Tzetzes, Chil. 11. 35, 135 ; Zonaras 1x. 5.
%+ Plutarch, Marcellus, 17 ad fin.

§ Cicero, T'usc. v. 64 sq.
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anointing himself, in the oil on his body*. Of the same kind is
the' well-known story that, when he discovered in a bath the
solution of the question referred to him by Hieron as to whether
a certajn crown supposed to have been made of gold did not in
reality contain a certain proportion of silver, he ran naked through
the street to his home shouting edpyka, evpykat.

According to Pappus? it was in connexion with his discovery
of the solution of the problem 7o move a given weight by a given
Jorce that Archimedes uttered the famous saying, *“ Give me a
place to stand on, and I can move the earth (3ds por wo¥ o716 Kat
kwd v yv).” Plutarch represents him as declaring to Hieron
that any given weight could be moved by a given force, and
boasting, in reliance on the cogency of his demonstration, that, if
he were given another earth, he would cross over to it and move
this one. “And when Hieron was struck with amazement and asked
him to reduce the problem to practice and to give an illustration
of some great weight moved by a small force, he fixed upon a ship
of burden with three masts from the king’s arsenal which had
only been drawn up with great labour and many men; and loading
her with many passengers and a full freight, sitting himself the
while far off, with no great endeavour but only holding the end
of a compound pulley (roXioracros) quietly in his hand and pulling
at it, he drew the ship along smoothly and safely as if she were
moving through the seal” According to Proclus the ship was one
which Hieron had had made to send to king Ptolemy, and, when all
the Syracusans with their combined strength were unable to launch
it, Archimedes contrived a mechanical device which enabled Hieron
to move it by himself, insomuch that the latter declared that
“from that day forth Archimedes was to be believed in every-
thing that he might say 1.” While however it is thus established
that Archimedes invented some mechunical contrivance for moving
a large ship and thus gave a practical illustration of his thesis,
it is not certain whether the machine used was simply a compound

* Plutarch, Marcellus, 17.

+ Vitruvius, dichitect. 1x. 3. For an explanation of the manner in which
Archimedes probably solved this problem, see the note following On floating
bodies, 1. T (p. 259 sq.).

4+ Pappus vir. p. 1060.

§ Plutarch, Marcellus, 14,

I Proclus, Comm. on Euel. 1., p. 63 (ed. Friedlein).

b2



XX INTRODUCTION.

pulley (moAvomacros) as stated by Plutarch; for Athenaeus®, in
describing the same incident, says that a helir was used. This
term must be supposed to refer to a machine similar to the xoyAias
described by Pappus, in which a cog-wheel with obliqug teeth
moves on a cylindrical helix turned by a handlet. Pappus, how-
ever, describes it in connexion with the Bapovixds of Heron, and,
while he distinctly refers to Heron as his authority, he gives no
hint that Archimedes invented either the BapovAxos or the par-
ticular xoxAias; on the other hand, the mwoldomacros is mentioned
by Galen}, and the mplomacros (triple pulley) by Oribasius§, as one
of the inventions of Archimedes, the Tploracros being so called
either from its having three wheels (Vitruvius) or three ropes
(Oribasius). Nevertheless, it may well be that though the ship
could easily be kept in motion, when once started, by the wpi-
amagros or molvomraaros, Archimedes was obliged to use an appliance
similar to the xoyAias to give the first impulse.

The name of yet another instrument appears in connexion with
the phrase about moving the earth. Tzctzes’ version is, “Give
me a place to stand on (wa B&), and I will move the whole earth
with a yapworivv|” ; but, as in another passage¥l he uses the word
TpicTacTos, it may be assumed that the two words represented one
and the same thing**.

It will be convenient to mention in this place the other
mechanical inventions of Archimedes. The best known is the

* Athenaeus v. 207 a-b, xarackevdoas y&p é\ika 1O TH\ikoDTOV oKdPos els THY
OdAacoay karfyaye: wplros & Apxwuhdns elpe Thy Tis é\kos kataokeviv. To the
same effect is the statement of Eustathius ad Il. 1. p. 114 (ed. Stallb.) Néyera:
8¢ ENg kai T¢ unxavis eldos, 8 wplros elpiw 6 ' Apxiundns evdoxluncé, pagt, 8¢ avrod.

+ Pappus viir. pp. 1066, 1108 sq.

1 Galen, in Hippocr. De artic., tv. 47 (=xvu1. p. 747, ed. Kuhn).

§ Oribasius, Coll. med., xLIx. 22 (1v. p. 407, ed. Bussemaker), 'AreX\idovs %
'Apxywidous Tplowasrov, described in the same passage as having been invented
mpds Tds TOv whoiwv kabohkds.

il Tzetzes, Chil. 11. 130.

9 Ibid., 1. 61, 6 yiy dvaocwav unxavy T3 TpoTdoTy Bowy' 6ma BG kal cakeiow
Tiw x0bva.

** Heiberg compares Simplicius, Comm. 1n Aristot. Phys. (ed. Diels, p. 1110,
l. 2), radry 3¢ 73 dvakoylg 700 KkwoivTos xal Tob xwovuévov xal Toi Siagrhuaros
70 orabmarikdv Spyavov TOv Kalobuevov xaporiwva guoricas 6 Apxiuuhdns s
uéxpe wavrds Tijs dvaloylas mpoxwpovons ékbumacer ékeivo 70 ma fw xal Kww Tdv
~ar.
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wager-screw * (also called xoxAias) which was apparently invented
by him in Egypt, for the purpose of irrigating fields. It was
also used for pumping water out of mines or from the hold of
ships. ¢

Another invention was that of a sphere constructed so as to
imitate the motions of the sun, the moon, and the five planets
in the heavens. Cicero actually saw this contrivance and gives a
description of itt, stating that it represented the periods of the
moon and the apparent motion of the sun with such accuracy that
it would even (over a short period) show the eclipses of the sun
and moon. Hultsch conjectures that it was moved hy water].
We know, as above stated, from Pappus that Archimedes wrote
a book on the construction of such a sphere (wepi ogapororias),
and Pappus speaks in one place of “those who understand the
making of spheres and produce a model of the heavens by means
of the regular circular motion of water.” In any case it is certain
that Archimedes was much occupied with astronomy. Livy calls
him “unicus spectator caeli siderumque.” Hipparchus saysS§,
“From these observations it is clear that the differences in the
years are altogether small, but, as to the solstices, I almost
think (ovk dmeAmi{w) that both I and Archimedes have erred to
the extent of a quarter of a day both in the observation and in the
deduction therefrom.” It appears therefore that Archimedes had
considered the question of the length of the year, as Ammianus
also states!. Macrobius says that he discovered the distances of
the planets®. Archimedes himself describes in the Sand-reckoner
the apparatus by which he measured the apparent diameter of the
sun, or the angle subtended by it at the eye.

The story that he set the Roman ships on fire by an arrange-
ment of burning-glasses or concave mirrors is not found in any

* Diodorus 1. 34, v. 37; Vitruvius x. 16 (11); Philo 1 p. 330 (ed. Pfeiffer);
Strabo xvii. p. 807; Athenaeus v. 208 f.

+ Cicero, De rep., 1. 21-22; Tuse., 1. 63; De nat. deor., 11. 88. Cf. Ovid,
Fasti, vi. 277; Lactantius, Instit., 1. 5, 18; Martianus Capella, 11, 212, vi.
683 8q.; Claudian, Epigr. 18 ; Sextus Empiricus, p. 416 (ed. Bekker).

T Zeitscheift f. Math, w. Physik (st et Abth.), xxi1. (1877), 106 sq.

§ Ptolemy, oiwrafss, 1. p. 153.

|| Ammianus Marcell., xxvr. i. 8.

€ Macrobius, in Somn. Scip.. 11. 3.
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authority earlier than Lucian*; and the so-called loculus Arghi-
medius, which was a sort of puzzle made of 14 pieces of ivory of
different shapes cut out of a square, cannot be supposed to be his
invention, the explanation of the name being perhaps thateit was
only a method of expressing that the puzzle was cleverly male,
in the same way as the mpofAnua "Apxyupdetov came to be simply
a proverbial expression for something very difficult .

* The same story is told of Proclus in Zonaras xiv. 3. For the other
references on the subject see Heiberg’s Quaestiones drchimedeae, pp. 39-41.
t Cf. also Tzetzes, Chil. x11. 270, 7%v 'Apxiundovs unxavwr xpelay Exw.



CHAPTER II

MANUSCRIPTS AND PRINCIPAL EDITIONS—ORDER OF
COMPOSITION—DIALECT—LOST WORKS.

THE sources of the text and versions are very fully described
by Heiberg in the Prolegomena to Vol. 1. of his edition of Archi-
medes, where the editor supplements and to some extent amends
what he had previously written on the same subject in his dis-
sertation entitled Quaestiones Archimedeae (1879). It will there-
fore suftice here to state briefly the main points of the discussion.

The MSS. of the best class all had a common origin in a MS.
which, so far as is known, is no longer extant. It is described
in one of the copies made from it (to be mentioned later and dating
from some time between a.p. 1499 and 1531) as ‘most ancient’
(malatordrov), and all the evidence goes to show that it was written
as early as the 9th or 10th century. At one time it was in the
pussession of George Valla, who taught at Venice between the
years 1486 and 1499 ; and many important inferences with regard
to its readings can be drawn from some translations of parts of
Archimedes and Eutocius made by Valla himself and published
in his book entitled de expetendis et fugiendis rebus (Venice, 1501).
It appears to have been carefully copied from an original belonging
to some one well versed in mathematics, and it contained figures
drawn for the most part with great care and accuracy, but there
was considerable confusion between the letters in the figures and
those in the text. This MS., after the death of Valla in 1499,
hecame the property of Albertus Pius Carpensis (Alberto Pio,
prince of Carpi). Part of his library passed through various hands
and ultimately reached the Vatican; but the fate of the Valla
MS. appears to have been different, for we hear of its being in
the possession of Cardinal Rodolphus Pius (Rodolfo Pio), a nephew
of Albertus, in 1544, after which it seems to have disappeared.



xxiv INTRODUCTION.

The three most important MSS. extant are:

F (=Codex Florentinus bibliothecae Laurentianae Mediceae
plutei xxvir 4to.).

B (=Codex Parisinus 2360, olim Mediceus).

C (=Codex Parisinus 2361, Fonteblandensis).

Of these it is certain that B was copied from the Valla MS,
This is proved by a note on the copy itself, which states that the
archetype formerly belonged to George Valla and afterwards to
Albertus Pius. From this it may also be inferred that B was
written before the death of Albertus in 1531 ; for, if at the date
of B the Valla MS. had passed to Rodolphus Pius, the name of
the latter would presumably have been mentioned. The note re-
ferred to also gives a list of peculiar abbreviations used in the
archetype, which list is of importance for the purpose of com-
parison with F and other MSS.

From a note on C it appears that that MS. was written by
one Christophorus Auverus at Rome in 1544, at the expense of
Georgius Armagniacus (Georges d’Armagnac), Bishop of Rodez,
then on a mission from King Francis I. to Pope Paul III. Further,
a certain Guilelmus Philander, in a letter to Francis 1. published
in an edition of Vitruvius (1552), mentions that he was allowed,
by the kindness of Cardinal Rodolphus Pius, acting at the instance
of Georgius Armagniacus, to see and make extracts from a volume
of Archimedes which was destined to adorn the library founded
by Francis at Fontainebleau. He adds that the volume had been
the property of George Valla. We can therefore hardly doubt
that C was the copy which Georgius Armagniacus had made in
order to present it to the library at Fontainebleau.

Now F, B and C all contain the same works of Archimedes
and Eutocius, and in the same order, viz. (1) two Books de sphaera
et cylindro, (2) de dimensione circuli, (3) de conoidibus, (4) e
lineis spiralibus, (5) de plunis aeque ponderantibus, (6) arenarius,
(7) quadratura parabolae, and the commentaries of Eutocius on
(1) (2) and (5). At the end of the quadratura parabolaec both
F and B give the following lines:

elruxoins Aéov yewperpa

moAAovs els AvkdfBavras lois molv ¢idrare povoars.
F and C also contain mensurae from Heron and two fragments
wepi orabucv and mepl pérpwv, the order being the same in both
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and the contents only differing in the one respect that the last
fragment mwepi pérpwy is slightly longer in F than in C.

A short preface to C states that the first page of the archetype
was sorrubbed and worn with age that not even the name of
Archimedes could be read upon it, while there was no copy at
Rome by means of which the defect could be made good, and
further that the last page of Heron’s de mensuris was similarly
obliterated. Now in I the first page was apparently left blank
at first and afterwards written in by a different hand with many
gaps, while in B there are similar deficiencies and a note attached
by the copyist is to the effect that the first page of the archetype
was indistinct. In another place (p. 4 of Vol. m1, ed. Heiberg)
all three MSS. have the same lacuna, and the scribe of B notes
that one whole page or even two are missing.

Now C could not have heen copied from F because the last
page of the fragment wepi pérpwv is perfectly distinct in F; and,
on the other hand, thc archetype of F must have been illegible
at the end because there is no word réos at the end of F, nor any
other of the signs by which copyists usually marked the completion
of their task. Again, Valla’s translations show that his MS. had
certain readings corresponding to correct readings in B and C
instead of incorrect readings given by F. Hence F cannot have
been Valla’s MS. itself.

The positive evidence about F is as follows. Valla's trans-
lations, with the exception of the few readings just referred to,
agree completely with the text of F. From a letter written at
Venice in 1491 by Angelus Politianus (Angelo Poliziano) to Lau-
rentius Mediceus (Lorenzo de’ Medici), it appears that the former
had found a MS. at Venice containing works by Archimedes and
Heron and proposed to have it copied. As G. Valla then lived
at Venice, the MS. can hardly have been any other but his, and
no doubt F was actually copied from it in 1491 or soon after.
Confirmatory evidence for this origin of F is found in the fact
that the form of most of the letters in it is older than the 15th
century, and the abbreviations etc., while they all savour of an
ancient archetype, agree marvellously with the description which
the note to B above referred to gives of the abbreviations used
in Valla’s MS. Further, it is remarkable that the corrupt passage
corresponding to the illegible first page of the archetype just takes
‘up one page of I, no more and no less.
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The natural inference from all the evidence is that F, B and
C all had their origin in the Valla MS.; and of the three F is
the most trustworthy. For (1) the extreme care with which the
copyist of F kept to the original is illustrated by a number of
mistakes in it which correspond to Valla’s readings but are cor-
rected in B and C, and (2) there is no doubt that the writer of
B was somewhat of an expert and made many alterations on his
own authority, not always with success.

Passing to other MSS.,, we know that Pope Nicholas V. had
a MS. of Archimedes which he caused to be translated into Latin.
The translation was made by Jacobus Cremonensis (Jacopo Cas-
siani*),; and one copy of this was written out by Joannes Regio-
montanus (Johanu Miiller of Konigsberg, near Hassfurt, in Fran-
conia), about 1461, who not only noted in the margin a number
of corrections of the Latin but added also in many places Greek
readings from another MS. This copy by Regiomontanus is pre-
served at Nurnberg and was the source of the Latin translation
given in the editio princeps of Thomas Gechautl’ Venatorius (Basel,
1544); it is called N* by Heiberg. (Another copy of the same
translation is alluded to by Regiomontanus, and this is doubtless
the Latin MS. 327 of 15th c. still extant at Venice.) From the
fact that the translation of Jacobus Cremonensis has the same
lacuna as that in F, B and C above referred to (Vol. 111, ed.
Heibery, p. 4), it seems clear that the translator had before him
either the Valla MS. itself or (more likely) a copy of it, though
the order of the books in the translation ditfers in one respect
from that in our MNS,, viz. that the «arenarins comes after instead
of before the quadraturae parabolae.

It is probable that the Greek MS. used by Regiomontanus was V
(= Codex Venetus Marcianus cccv. of the 15th c.), which is still extant
and contains the same books of Archimedes and Eutocius with the
same fragment of Heron as F has, and in the same order. If the
above conclusion that F dates from 1491 or thereabouts is correct,
then, as V belonged to Cardinal Bessarione who died in 1472, it
cannot have heen copied from F, and the simplest way of accounting
for its similarity to F is to suppose that it too was derived from
Valla’s MS.

* Tiraboschi, Storia della Letteratura Italiana, Vol. vi. Pt. 1 (p. 858 of the
edition of 1807). Cantor (Vorlesungen iih. Gesch. d. Math., 11. p. 192) gives the
full name and title as Jacopo da 8. Cassiano Cremonese canonico regolare.
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Regiomontanus mentions, in a note inserted later than the
rest and in different ink, two other Greek MSS., one of which he
calls “exemplar vetus apud magistrum Paulum.” Probably the
monk Paulus (Albertini) of Venice is here meant, whose date was
1430 to 1475; and it is possible that the ‘exemplar vetus” is
the MS. of Valla,

The two other inferior MSS,, viz. A (= Codex Parisinus 2359,
olim Mediceus) and D (=Cod. Parisinus 2362, Fonteblandensis),
owe their origin to V.

It is next necessary to consider the probabilities as to the MSS,
used by Nicolas Tartaglia for his Latin translation of certain of
the works of Archimedes. The portion of this translation published
at Venice in 1543 contained the books de centris gravium vel de
aequerepentihus I-I1, tetragonismus [parabolac], dimensio circuli
and de insidentihus aquae I; the rest, consisting of Book II de
instdentibus aquae, was published with Book 1 of the same treatise,
after Tartaglia’s death in 1557, by Troianus Curtius (Venice, 15653).
Now the last-named treatise is not extant in any Greek MS. and,
as Tartaglia adds it, without any hint of a separate origin, to the
rest of the books which he says he took from a mutilated and
almost illegible Greek MN., it might easily be inferred that the
Greek MS. contained that treatise also. But it is established, by
a letter written by Tartaglia himself eight years later (1551) that
he then had no Greek text of the Books de insidentibus aquae, and
it would be strange if it had disappeared in so short a time without
leaving any trace. Further, Commandinus in the preface to his
edition of the same treatise (Bologna, 1565) shows that he had
never heard of a Greek text of it. Hence it is most natural to
suppose that it reached Tartaglia from some other source and in the
Latin translation only*.

The fact that Tartaglia speaks of the old MS. which he used
as “fracti et qui vix legi poterant libri,” at practically the same
time as the writer of the preface to C was giving a similar de-
seription of Valla’s MS,; makes it probable that the two were

* The Greck fragment of Book 1. wepl 7dv 0dar épusrauévar % wepi TaV
oxovuévwy, edited by A. Mai from two Vatican MSS. (Classict auct. 1. p. 426-30 ;
Vol. 11. of Heiberg's edition, pp. 356-3), seems to be of doubtful authenticity.
Except for the first proposition, it contains enunciations only and no proofs.
Heiberg is inclined to think that it represents an attempt at retranslation into
Greck made by some mediaeval scholar, and he compares the similar attempt

made by Rivault.
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identical ; and this probability is confirmed by a considerable agree-
ment between the mistakes in Tartaglia and in Valla’s versions.

But in the case of the quadratura parabolae and the dimensio
circult Tartaglia adopted bodily, without alluding in any® way to
the source of it, another Latin translation published by Lucas
Gauricus “Tuphanensis ex regno Neapolitano” (Luca Gaurico of
Gifuni) in 1503, and he copied it so faithfully as to reproduce most
obvious errors and perverse punctuation, ouly filling up a few
gaps and changing some figures and letters. This translation by
Gauricus is seen, by means of a comparison with Valla’s readings
and with the translation of Jacobus Cremonensis, to have been
made from the same MS. as the latter, viz. that of Pope Nicolas V.

Even where Tartaglia used the Valla MS. he does not seem
to have taken very great pains to decipher it when it was
not easily legible—it may be that he was unused to deciphering
MSS.—and in such cases he did not hesitate to draw from other
sources. In one place (de planor. equilib. 11. 9) he actually
gives as the Archimedean proof a paraphrase of Eutocius some-
what retouched and abridged, and in many other instances he
has inserted corrections and interpolations from another Greek
MS. which he once names. This MS, appears to have been a copy
made from F, with interpolations due to some one not unskilled
in the subject-matter; and this interpolated copy of F was ap-
parently also the source of the Nurnberg MS. now to be mentioned.

N? (= Codex Norimbergensis) was written in the 16th century
and brought from Rome to Nurnberg by Wilibald Pirckheymer.
It contains the same works of Archimedes and Eutocius, and in
the same order, as F, but was evidently not copied from F direct,
while, on the other hand, it agrees so closely with Tartaglia’s
version as to suggest a common origin. N® was used by Vena-
torius in preparing the editio princeps, and Venatorius corrected
many mistakes in it with his own hand by notes in the margin
or on slips attached thereto; he also made many alterations in
the body of it, erasing the original, and sometimes wrote on it
directions to the printer, so that it was probably actually used
to print from. The character of the MS. shows it to belong to
the same class as the others; it agrees with them in the more
important errors and in having a similar lacuna at the beginning.
Some mistakes common to it and F alone show that its source was
F, though at second hand, as above indicated.
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Jt remains to enumerate the principal editions of the Greek
text and the published Latin versions which are based, wholly or
partially, upon direct collation of the MSS. These are as follows,
in addition to Gaurico’s and Tartaglia’s translations.

1. The editio princeps published at Basel in 1544 by Thomas
Gechauff Venatorius under the title Archimedis opera quae quidem
exgtant omnia nunc primum graece et latine in lucem edita. Adiecta
quoque sunt Eutocir Ascalonitae commentaria item graece et latine
nunguam antea excusa. The Greek text and the Latin version in
this edition were taken from different sources, that of the Greek
text being N®, while the translation was Joannes Regiomontanus’
revised copy (N") of the Latin version made by Jacobus Cremo-
nensis from the MS. of Pope Nicolas V. The revision by
Regiomontanus was effected by the aid of (1) another copy of
the same translation still extant, (2) other Greek MSS., one of
which was probably V, while another may have been Valla’'s MS.
itself.

2. A translation by F. Commandinus (containing the following

works, circuli dimensio, de lineis sprralibus, quadratura parabolae,
de conoidibus et sphaeroidibus, de arenae numero) appeared at
Venice in 1558 under the title Archimedis opera monnulla in
latinum conversa et commentarits tllustrata. For this translation
several MSS. were used, among which was V, but none preferable
to those which we now possess.

3. D. Rivault’s edition, Archimedis opera quae exstant graece
et latine novis demonstr. et comment. illustr. (Paris, 1615), gives
only the propositions in Greek, while the proofs are in Latin and
somewhat retouched. Rivault followed the Basel editio princeps
with the assistance of B,

4. Torelli’s edition (Oxford, 1792) entitled *Apxyundovs 1o cw-
{opeva perda tov Edroxiov 'Ackalwvirov Imopvnudrwv, Archimedis
quae supersunt omnia cum Kutocit Ascalonitae commentartis ex
recenstone J. Torellt Veronensits cum nova versione latina. Acced-
unt lectiones variantes ex codd. Mediceo et Parisiensibus. Torelli
followed the Basel editio princeps in the main, but also collated
V. The book was brought out after Torelli’'s death by Abram
Robertson, who added the collation of five more MSS., F, A, B, C, D,
with the Basel edition. The collation however was not well done,
and the edition was not properly corrected when in the press.
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5. Last of all comes the definitive edition of Heiberg (dgchi-
medis opera omnia cum commentariis Eutocit. E codice Florentino
recensuit, Latine wertit notisque ilustrauit J. L. Heiberg. Leipzig,
1880—1). ‘

The relation of all the MSS. and the above editions and trans-
lations is well shown by Heiberg in the following scheme (with
the omission, however, of his own edition):

Codex Uallae saec. 1x—x

Cod. Nicolai V ¥ Tartalea AY B C
c. 1453 c. 1491 a. 1543 saec. Xxv c. 1500 a. 164
S————— P iy
Cod. Tartaleae 11 Ed. Riualti
] a. 1615
N* sgec. xvI —
; | A, D Commandinus
i Ed. Basil. 1544 saec. XvI 1558

Torellius 1792

Gauricus Cremonensis ¢. 1460
..

Cod. Uenet. 327 Nb, c. 1461
saec. Xv
The remaining editions which give portions of Archimedes in
Greek, and the rest of the translations of the complete works or
parts of them which appeared before Heiberg’s edition, were not
based upon any fresh collation of the original sources, though some
excellent corrections of the text were made by some of the editors,
notably Wallis and Nizze. The following books may be mentioned.

Joh. Chr. Sturm, Des unvergleichlichen Archimedis RKunstbucher,
ibersetzt und erlautert (Nurnberg, 1670). This translation em-
braced all the works extant in Greek and followed three years
after the same author’s separate translation of the Sand-reckoner.
It appears from Sturm’s preface that he principally used the edition
of Rivault.

Is. Barrow, Opera dArchimedis, Apollonii Peryaei conicorum libri,
Theodosti sphaerica methodo novo tllustrate et demonstrata (London,
1675).

Wallis,” Archimedis arenarius et dimensio circuli, Eutocii in hanc
commentaris cum versione et notis (Oxford, 1678), also given
in Wallis' Opera, Vol. n1. pp. 509—546.

Karl Friedr. Hauber, Archimeds zwei Biicher iiber Kugel und
Cylinder. Ebendesselben Kreismessung. Uebersetzt mit Anmerkungen
u. 8. w. begleitet (Tiibingen, 1798).



TRANSLATIONS—ORDER OF WORKS. XXX1

}*‘. Peyrard, Buvres d’'Archimede, traduites littéralement, avec
un commentaire, sutvies d'un mémoire du traducteur, sur un nouveau
maroir ardent, et d'un autre mémorre de M. Delandre, sur Varith-
métique des Grecs. (Second edition, Paris, 1808.)

Ernst Nizze, Archimedes von Syrakus vorhandene Werke, aus dem
Griechischen vibersetzt und mit erliuternden und kritischen Anmner-
kungen begleitet (Stralsund, 1824).

The MSS. give the several treatises in the following order.

1. mept oaipas kai kudivdpov o 3, two Books Ou the Sphere
and Cylinder.

1

kikAov pérpnois*, Measurement of a Circle.

3. wepl kwvoedéwy kai cpuipoedéwy, On Conoids and Spheroids.

4. wepi éAixwv, On Spirals.

5. émumédwv iocoppomav o« BT, two Books Ow the Equilibrium
of Llanes.

6. yYaupirys, The Sand-reckoner.

7. Terpaywviouods mapafolijs (a name substituted later for that

given to the treatise by Archimedes himself, which must
undoubtedly have been rerpaywviopds Tis Tob Jpboywviov
kwvov Tounst), Quadrature of the Parabola.

To these should be added

8. mept oxovpévur §, the Greek title of the treatise On Hloating
bodies, only preserved in a Latin translation.

* Pappus alludes (1. p. 312, ed. Hultsch) to the avxNov uérpnas in the words
év 1@ mepl THs Tob KUKNOV Tepiepeias.

+ Archimedes himself twice alludes to properties proved in Book 1. as
demonstrated év rois unxavikois (Quadrature of the Parabola, Props. 6. 10).
Pappus (virn. p. 1034) quotes 7a 'Apxtundovs mepi icoppomav. The beginning of
Book 1. is also cited by Proclus in his Commentary on Eucl. 1., p. 181, where the
reading should be 7ob d igoppomiwv, and not r&v dvgoppomwy (Hultsch).

+ The name * parabola’ was first applied to the curve by Apollonius. Archi-
medes always used the old term * section of a right-angled cone.,” Cf. Eutocius
(Heiberg, vol. 111., p. 342) 3édetxrac év 7¢) mepl Tijs 00 dpfoywriov Kdvov Touijs.

§ This title corresponds to the references to the book in Strabo 1. p. 54
(Apxiuhdns év Tols mepl Tav dyoupévwr) and Pappus vi. p. 1024 (s’ Apxiuidns
dxovpévois). The fragment edited by Mai has a longer title, wepl 7dv Udare
épioTauévwr 3 wepl TOv dxovpévwr, where the first part corresponds to Tartaglia’s
version, de insidentibus aquae, and to that of Commandinus, de iis quae vehun-
tur in aqua. But Archimedes intentionally used the more general word iypév
(fluid) instead of Udwp; and hence the shorter title wepi dxovuévwr, de iis quae
in humido vehuntur (Torelli and Heiberg), seems the better.
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The books were not, however, written in the above order; ra.nd
Archimedes himself, partly through his prefatory letters and partly
by the use in later works of properties proved in earlier treatises,
gives indications sufficient to enable the chronological gequence
to be stated approximately as follows :

1. On the equilibrium of planes, 1.
Quadrature of the Parabola.
On the equiltbrium of planes, 1I1.
On the Sphere and Cylinder, 1, II.
On Spirals.

S ;oo

On Conoids and Spheroids.
On floating bodies, I, 1I.
Measurement of a circle.

9. The Sand-reckoner.

It should however be observed that, with regard to (7), no
more is certain than that it was written after (6), and with regard
to (8) no more than that it was later than (4) and before (9).

In addition to the above we have a collection of Lemmas (Liber
Assumptorum) which has reached us through the Arabic. The
collection was first edited by S. Foster, Miscellunea (London, 1659),
and next by Borelli in a book published at Florence, 1661, in
which the title is given as Liber assumptorum Archimedis interprete
Thebit bern Kora et exponente doctore Almochtasso Abilhasan. The
Lemmas cannot, however, have been written by Archimedes in
their present form, because his name is quoted in them more than
once. The probability is that they were propositions collected by
some Greek writer® of a later date for the purpose of elucidating
some ancient work, though it is quite likely that some of the
propositions were of Archimedean origin, e.g. those concerning
the geometrical figures called respectively dpBylost (literally

-

.

* It would seem that the compiler of the Liber Assumptorum must have
drawn, to a considerable extent, from the same sources as Pappus. The
number of propositions appearing substantially in the same form in both
collections is, I think, even greater than has yet been noticed. Tannery (La
Géométrie grecque, p. 162) mentions, as instances, Lemmas 1, 4, 5, 6; but it
will be seen from the notes in this work that there are several other coin-
cidences.

+ Pappus gives (p. 208) what he calls an ‘ancient proposition’ (dpxala
wpbraosis) about the same figure, which he describes as xwplov, 8 3% xakobow
dppnhov. Cf. the note to Prop. 6 (p. 308). The meaning of the word is gathered
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‘shqemaker’s knife’) and odAwov (probably a ‘salt-cellar’#*), and
Prop. 8 which bears on the problem of trisecting an angle.

from the .Scholia, to Nicander, Theriaca, 423 : dpSnho. Néyovrar T& xuxNoreps}
oddpia, ols ol okvrorduor Téuvovsr kal Ebovoe T& Oéppara. Cf. Hesychius,
dvdpByla, T& ph dfeapéva Séppara‘ dpByloc yip T& omhla.

* The best authorities appear to hold that in any case the name scéAwov was
not applied to the figure in question by Archimedes himself but by some later
writer. Subject to this remark, I believe cd\wov to be simply a Graecised
form of the Latin word salinum. We know that a salt-cellar was an essential
part of the domestic apparatus in Italy from the early days of the Roman
Republic. “All who were raised above poverty had one of silver which
descended from father to son (Hor., Carm. 1. 16, 13, Liv. xxvi. 36), and
was accompanied by a silver patella which was used together with the salt-
cellar in the domestic sacrifices (Pers. 1. 24, 25). These two articles of
silver were alone compatible with the simplicity of Roman manners in the
early times of the Republic (Plin., H. N. xxxm1. § 153, Val. Max. 1v. 4, § 3).
...In shape the salinum was probably in most cases a round shallow bowl”
[Dict. of Greek and Roman Antiquities, article salinum]. Further we have
in the early chapters of Mommsen’s Hustory of Rome abundant evidence
of similar transferences of Latin words to the Sicilian dialect of Greek. Thus
(Book 1., ch. xiii.) it is shown that, in consequence of Latino-Sicilian com-
merce, certain words denoting measures of weight, libra, triens, quadrans,
sextans, uncia, found their way into the common speech of Sicily in the third
century of the city under the forms \irpa, Tpids, Terpds, étas, obyxia. Similarly
Latin law-terms (ch. xi.) were transferred; thus mutuum (a form of loan)
became woirov, carcer (a prison) xdpxapov. Lastly, the Latin word for lard,
arvina, became in Sicilian Greek dpBivy, and patina (a dish) wardvn. The last
word is as close a parallel for the supposed transfer of salinum as could be
wished. Moreover the explanation of sdAwov as salinum has two obvious
advantages in that (1) it does not require any salteration in the word, and

(2) the resemblance of the lower curve to an ordinary type of salt-cellar is

evident. I should add, as confirmation of my hypothesis, that Dr A. S. Murray,

of the British Museum, expresses the opinion that we cannot be far wrong in

accepting as a saluium one of the small silver bowls in the Roman ministerium
H. A. c
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Archimedes is further credited with the authorship of R the
Cattle-problem enunciated in the epigram edited by Lessing in
1773. According to the heading prefixed to the epigram it was
communicated by Archimedes to the mathematicians at Algxandria
in a letter to Eratosthenes*. There is also in the Scholia to Plato’s
Charmides 165 E a reference to the problem “called by Archimedes
the Cattle-problem” (10 sAybev i’ "Apxymijdovs Boewov wpofBAnua).
The question whether Archimedes really propounded the problem,
or whether his name was only prefixed to it in order to mark the
extraordinary difficulty of it, has been much debated. A complete
account of the arguments for and against is given in an article
by Krumbiegel in the Zeitschrift fur Mathematik und Physik
(Hist. litt. Abtheilung) xxv. (1880), p. 121 sq., to which Amthor
added (¢bid. p. 153 sq.) a discussion of the problem itself. The
general result of Krumbiegel's investigation is to show (1) that

at the Museum which was found at Chaourse (Aisne) in France and is of a
section sufficiently like the curve in the Salinon.

The other explanations of ¢dAwov which have been suggested are as follows,

(1) Cantor connects it with cdlos, ‘“das Schwanken des hohen Meeres,”
and would presumably translate it as wave-line. But the resemblance is
not altogether satisfactory, and the termination -wor would need explanation.

(2) Heiberg says the word is *“sine dubio ab Arabibus deprauatum,” and
suggests that it should be gé\wov, parsley (‘‘ex similitudine frondis apii”).
But, whatever may be thought of the resemblance, the theory that the word is
corrupted is certainly not supported by the analogy of &pB8nhos which is correctly
reproduced by the Arabs, as we know from the passage of Pappus referred to in
the last note.

(8) Dr Gow suggests that sd\wor may be a * sieve,’ comparing ocd\af. But
this guess is not supported by any evidence.

* The heading is, IIpbBA\nua 8mep ’Apxiundns év émvypdupacwy elpdv rois év
ANetavdpelq mepl TaiTa wpayuarevouévors {nrety dméorehev év Ty mpds Eparochéymy
rov Kupnvaiov émworony. Heiberg translates this as ‘‘the problem which
Archimedes discovered and sent in an epigram...in a letter to Eratosthenes.”
He admits however that the order of words is against this, as is also the use of
the plural émvypdupacw. It is clear that to take the two expressions év
émeypdupacw and év émoroly as both following dréore\er is very awkward. In
fact there seems to be no alternative but to translate, as Krumbiegel does, in
accordance with the order of the words, ‘‘a problem which Archimedes found
among (some) epigrams and sent...in his letter to Eratosthenes ” ; and this sense
is certainly unsatisfactory. Hultsch remarks that, though the mistake mpa~-
parovpévos for mpayparevouévors and the composition of the heading as a whole
betray the hand of a writer who lived some centuries after Archimedes, yet he
must have had an earlier source of information, because he could hardly have
invented the story of the letter to Eratosthenes.
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the gpigram can hardly have been written by Archimedes in its
present form, but (2) that it is possible, nay probable, that the
problem was in substance originated by Archimedes. Hultsch® has
an ingenious suggestion as to the occasion of it. It is known that
Apollonius in his wxvrdkiov had calculated a closer approximation to
the value of = than that of Archimedes, and he must therefore have
worked out more difficult multiplications than those contained in
the Measurement of a circle. Also the other work of Apollonius
on the multiplication of large numbers, which is partly preserved
in Pappus, was inspired by the Sand-reckoner of Archimedes; and,
though we need not exactly regard the treatise of Apollonius as
polemical, yet it did in fact constitute a criticism of the earlier
book. Accordingly, that Archimedes should then reply with a
problem which involved such a manipulation of immense numbers
as would be difficult even for Apollonius is not altogether outside
the bounds of possibility. And there is an unmistakable vein of
satire in the opening words of the epigram ¢ Compute the number
of the oxen of the Sun, giving thy mind thereto, if thou hast a
share of wisdom,” in the transition from the first part to the
second where it is said that ability to solve the first part would
entitle one to be regarded as “mnot unknowing nor unskilled in
numbers, but still not yet to be numbered among the wise,” and
again in the last lines. Hultsch concludes that in any case the
problem is not much later than the time of Archimedes and dates
from the beginning of the 2nd century B.c. at the latest.

Of the extant books it is certain that in the 6th century A.p.
only three were generally known, viz. On the Sphere and Cylinder,
the Measurement of a circle, and On the equilibrium of planes. Thus
Eutocius of Ascalon who wrote commentaries on these works only
knew the Quadrature of the Parabola by name and had never seen
it nor the book On Spirals. Where passages might have been
elucidated by references to the former book, Eutocius gives ex-
planations derived from Apollonius and other sources, and he
speaks vaguely of the discovery of a straight line equal to the
circumference of a given circle “by means of certain spirals,”
whereas, if he had known the treatise On Spirals, he would have
quoted Prop. 18. There is reason to suppose that only the three
treatises on which Eutocius commented were contained in the

* Pauly-Wissowa’s Real-Encyclopiidie, 11, 1, pp. 534, 5.
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ordinary editions of the time such as that of Isidorus of Mijetus,
the teacher of Eutocius, to which the latter several times alludes.

In these circumstances the wonder is that so many more books
have survived to the present day. As it is, they haveelost to a
considerable extent their original form. Archimedes wrote in the
Doric dialect®, but in the best known books (On the Sphere and
Cylinder and the JMeasurement of a circle) practically all traces
of that dialect have disappeared, while a partial loss of Doric forms
has taken place in other books, of which however the Sand-
reckoner has suffered least. Moreover in all the books, except the
Sand-reckoner, alterations and additions were first of all made by
an interpolator who was acquainted with the Doric dialect, and
then, at a date subsequent to that of Eutocius, the book On the
Sphere and Cylinder and the Measnrement of a circle were completely
recast.

Of the lost works of Archimedes the following can be identified.

1. Investigations relating to polyhedra are referred to by
Pappus who, after alluding (v. p. 352) to the five regular polyhedra,
gives a description of thirteen others discovered by Archimedes
which are semi-regular, being contained by polygons equilateral
and equiangular but not similar.

2. A book of arithmetical content, entitled dpxai Principles
and dedicated to Zeuxippus. We learn from Archimedes himself
that the book dealt with the naming of numbers (karovopagis Tév
dplfusv)t and expounded a system of expressing numbers higher

* Thus Eutocius in his commentary on Prop. 4 of Book 11. On the Sphere
and Cylinder speaks of the fragment, which he found in an old book and which
appeared to him to be the missing supplement to the proposition referred to,
as ‘‘preserving in part Archimedes’ favourite Doric dialect” (év uéper 8¢ i
*Apxiuhder piAgy Awplda y\dooav dméswiov). From the use of the expression év
pépec. Heiberg concludes that the Doric forms had by the time of Eutocius
begun to disappear in the books which have come down to us no less than in
the fragment referred to.

+ Observing that in all the references to this work in the Sand-reckoner
Archimedes speaks of the naming of numbers or of numbers which are named or have
their names (dpiBuol raTwvouacuévor, ra dvbpara Exovres, rav Katovouatiav Eovres),
Hultsch (Pauly-Wissowa’s Real-Encyclopadie, 11. 1, p. 511) speaks of xarovd-
pafis Tov dpfpwv as the name of the work; and he explains the words rwas rdv
& dpxals <dplBudv> Tdv karovouatlav éxbvrwy as meaning ‘‘some of the
numbers mentioned at the beginning which have a special name,” where * at
the beginning ” refers to the passage in which Archimedes first mentions r&v
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thar® those which could be expressed in the ordinary Greek no-
tation. This system embraced all numbers up to the enormous
figure which we should now represent by a 1 followed by 80,000
billion clphers; and, in setting out the same system in the Sand-
reckoner, Archimedes explains that he does so for the benefit of
those who had not had the opportunity of seeing the earlier work
addressed to Zeuxippus.

3. wepi Lvydv, On balances or levers, in which Pappus says (VIIL
p. 1068) that Archimedes proved that ¢ greater circles overpower
(xaraxparodoi) lesser circles when they revolve about the same
centre.” It was doubtless in this book that Archimedes proved
the theorem assumed by him in the Quadrature of the Parabola,
Prop. 6, viz. that, if a body hangs at rest from a point, the centre
of gravity of the body and the point of suspension are in the same
vertical line.

4. «kevrpoBapikd, On centres of gravity. This work is mentioned
by Simplicius on Aristot. de caelo 11. (Scholia in Arist. 508 a 30).
Archimedes may be referring to it when he says (On the equilibrium
of planes 1. 4) that it has before been proved that the centre of
gravity of two bodies taken together lies on the line joining the
centres of gravity of the separate bodies. In the treatise On
Sloating bodies Archimedes assumes that the centre of gravity of a
segment of a paraboloid of revolution is on the axis of the segment
at a distance from the vertex equal to Zrds of its length. This
may perhaps have been proved in the xevrpoBapwcd, if it was
not made the subject of a separate work.

Doubtless both the wepi {vydv and the xevrpoBapixd preceded
the extant treatise On the equilibrium of planes.

5. katomwrpikd, an optical work, from which Theon (on Ptolemy,
Synt. 1. p. 29, ed Halma) quotes a remark about refraction.

Cf. Olympiodorus in Aristot. Meteor., 11. p. 94, ed. Ideler.

¢’ audv karwvopacuévwy dplfudv kal évdedouévwy év Tois morl Zebfirmwov yeypau-
uévois. But év dpxals seems a less natural expression for *“at the beginning”
than & dpxy or xar’ dpxds would have been. Moreover, there being no
participial expression except karovouatiav éxévrwy to be taken with év dpxais in
this sense, the meaning would be unsatisfactory; for the numbers are not
named at the beginning, but only referred to, and therefore some word like
elpnuévwr should have been used. For these reasons I think that Heiberg,
Cantor and Susemihl are right in taking épxal to be the name of the treatise.
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6. wepl opaporoilas, On sphere-making, a mechanical work on
the construction of a sphere representing the motions of the
heavenly bodies as already mentioned (p. xxi).

7. é¢ddwov, a Method, noticed by Suidas, who says that Theo-
dosius wrote a commentary on it, but gives no further information
about it.

8. According to Hipparchus Archimedes must have written
on the Calendar or the length of the year (cf. p. xxi).

Some Arabian writers attribute to Archimedes works (1) On
a heptagon in a circle, (2) On circles touching one another, (3) On
parallel lines, (4) On triangles, (5) On the properties of right-
angled triangles, (6) a book of Data; but there is no confirmatory
evidence of his having written such works. A book translated
into Latin from the Arabic by Gongava (Louvain, 1548) and en-
titled antiqui scriptoris de speculo comburente concavitatis parabolae
cannot be the work of Archimedes, since it quotes Apollonius.



CHAPTER IIIL

THE RELATION OF ARCHIMEDES TO HIS PREDECESSORS.

AN extraordinarily large proportion of the subject matter of
the writings of Archimedes represents entirely new discoveries of
his own. Though his range of subjects was almost encyclopaedic,
embracing geometry (plane and solid), arithmetic, mechanics, hydro-
statics and astronomy, he was no compiler, no writer of text-
books ; and in this respect he differs even from his great successor
Apollonius, whose work, like that of Euclid before him, largely
consisted of systematising and generalising the methods used, and
the results obtained, in the isolated efforts of earlier geometers.
There is in Archimedes no mere working-up of existing materials ;
his objective is always some new thing, some definite addition to
the sum of knowledge, and his complete originality cannot fail
to strike any one who reads his works intelligently, without any
corroborative evidence such as is found in the introductory letters
prefixed to most of them. These introductions, however, are emi-
nently characteristic of the man and of his work ; their directness
and simplicity, the complete absence of egoism and of any effort
to magnify his own achievements by comparison with those of
others or by emphasising their failures where he himself succeeded :
all these things intensify the same impression. Thus his manner
is to state simply what particular discoveries made by his pre-
decessors had suggested to him the possibility of extending them
in new directions; e.g. he says that, in connexion with the efforts
of earlier geometers to square the circle and other figures, it
occurred to him that no one had endeavoured to square a parabola,
and he accordingly attempted the problem and tinally solved it.
In like manner, he speaks, in the preface of his treatise On the
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Sphere and Cylinder, of his discoveries with reference to those
solids as supplementing the theorems about the pyramid, the cone
and the cylinder proved by Eudoxus. He does not hesitate to
say that certain problems bafled him for a long time, and that
the solution of some took him many years to effect; and in one
place (in the preface to the book On Spirals) he positively insists,
for the sake of pointing a moral, on specifying two propositions
which he had enunciated and which proved on further investigation
to be wrong. The same preface contains a generous eulogy of
Conon, declaring that, but for his untimely death, Conon would
have solved certain problems before him and would have enriched
geometry by many other discoveries in the meantime,

In some of his subjects Archimedes had no fore-runners, e.g.
in hydrostatics, where he invented the whole science, and (so
far as mathematical demonstration was concerned) in his me-
chanical investigations. In these cases therefore he had, in laying
the foundations of the subject, to adopt a form more closely re-
sembling that of an elementary textbook, but in the later parts
he at once applied himself to specialised investigations.

Thus the historian of mathematics, in dealing with Archimedes’
obligations to his predecessors, has a comparatively easy task before
him. But it is necessary, first, to give some description of the use
which Archimedes made of the general methods which had found
acceptance with the earlier geometers, and, secondly, to refer to
some particular results which he mentions as having been previously
discovered and as lying at the root of his own investigations, or
which he tacitly assumes as known.

§1. Use of traditional geometrical methods.

In my edition of the Conics of Apollonius*, I endeavoured,
following the lead given in Zeuthen's work, Die Lehre von den
Kegelschnitten im Altertum, to give some account of what has been
fitly called the geometrical algebra which played such an important
part in the works of the Greek geometers. The two main methods
included under the term were (1) the use of the theory of pro-
portions, and (2) the method of application of areus, and it was
shown that, while both methods are fully expounded in the Elements
of Euclid, the second was much the older of the two, being
attributed by the pupils of Eudemus (quoted by Proclus) to the

* Apollonius of Perga, pp. ¢i 8qq.
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Pythagoreans. It was pointed out that the application of areas,
as set forth in the second Book of Euclid and extended in the
sixth, was made by Apollonius the means of expressing what he
takes ag the fundamental properties of the conic sections, namely
the properties which we express by the Cartesian equations

¥’ =pz,
y’:pac?gx”
d H

referred to any diameter and the tangent at its extremity as axes;
and the latter equation was compared with the results obtained in the
27th, 28th and 29th Props. of Euclid’s Book v1, which are equivalent
to the solution, by geometrical means, of the quadratic equations

a:r,+l—):1:’=D.
—c

It was also shown that Archimedes does not, as a rule, connect his
description of the central conics with the method of application of
areas, as Apollonius does, but that Archimedes generally expresses
the fundamental property in the form of a proportion

2 2

v _ Y
.2 x.x’
and, in the case of the ellipse,
yi bﬂ

x.x, a

where z, 2, are the abscissae measured from the ends of the diameter
of reference.

It results from this that the application of areas is of much less
frequent occurrence in Archimedes than in Apollonius. It is
however used by the former in all but the most general form. The
simplest form of ‘“applying a rectangle” to a given straight line
which shall be equal to a given area occurs e.g. in the proposition On
the equiltbrium of Planes 11. 1; and the same mode of expression
is used (as in Apollonius) for the property y*= px in the parabola,
px being described in Archimedes’ phrase as the rectangle “applied
to” (wapamiwrov wapd) a line equal to p and “having at its width”
(rAdros éxov) the abscissa (x). Then in Props. 2, 25, 26, 29 of the
book On Conoids and Spheroids we have the complete expression
which is the equivalent of solving the equation

ax + x' = b®,

“let a rectangle be applied (to a certain straight line) exceeding by



xli1 INTRODUCTION.

a square figure (rapamenrrokérw xwplov vmepBdAlov elder Terpaybvw)
and equal to (a certain rectangle).” Thus a rectangle of this sort
has to be made (in Prop. 25) equal to what we have above called
2.2, in the case of the hyperbola, which is the same thing as
z(a+x) or ax+a’, where a is the length of the transverse axis.
But, curiously enough, we do not find in Archimedes the application
of a rectangle “ falling short by a square figure,” which we should
obtain in the case of the ellipse if we substituted x (a — ) for = . «;.
In the case of the ellipse the area a.x, is represented (On Conoids
and Spheroids, Prop. 29) as a gnomon which is the difference
between the rectangle %./%; (where A, 4, are the abscissae of the
ordinate bounding a segment of an ellipse) and a rectangle applied
to &, — 7 and exceeding by a square figure whose side is 24—« ; and
the rectangle 4. %, is simply constructed from the sides %, 2,. Thus
Archimedes avoids* the application of a rectangle falling short by a
square, using for x .z, the rather complicated form

ol —{(hy=h) (h-2x)+ (h-2)°.
It is easy to see that this last expression is equal to x.x,, for it
reduces to
hohy={hy (h—2x)~x(h—2))
=z (b +h) -2,
=ax —a*, since h)+h=aq,
=x. 2.

It will readily be understood that the transformation of rectangles
and squares in accordance with the methods of Euclid, Book 11, is
just as important to Archimedes as to other geometers, and there is
no need to enlarge on that form of geometrical algebra.

The theory of proportions, as expounded in the fifth and sixth
Books of Euclid, including the transformation of ratios (denoted by
the terms componendo, dividendo, etc.) and the composition or
multiplication of ratios, made it possible for the ancient geometers
to deal with magnitudes in general and to work out relations
between them with an effectiveness not much inferior to that of
modern algebra. Thus the addition and subtraction of ratios could
be effected by procedure equivalent to what we should in algebra

* The object of Archimedes was no doubt to make the Lemma in Prop. 2
(dealing with the summation of a series of terms of the form a.rz + (rz)?, where r
successively takes the values 1, 2, 3, ...) serve for the hyperboloid of revolution
and the spheroid as well,
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call®bringing to a common denominator. Next, the composition or
multiplication of ratios could be indefinitely extended, and hence
the algebraical operations of multiplication and division found easy
and conVvenient expression in the geometrical algebra. As a par-
ticular case, suppose that there is a series of magnitudes in continued
proportion (i.e. in geometrical progression) as a,, a,, ds, ... a,, 30 that

@G QO Gy

a a a,

‘We have then, by multiplication,

o (2), or 2 e
%\ % @
It is easy to understand how powerful such a method as that of
proportions would become in the hands of an Archimedes, and a few

instances are here appended in order to illustrate the mastery with
which he uses it.

1. A good example of a reduction in the order of a ratio after
the manner just shown is furnished by On the equilibrium of Planes
1. 10. Here Archimedes has a ratio which we will call @®/b% where
a*/l*=c|d; and he reduces the ratio between cubes to a ratio
between straight lines by taking two lines z, y such that

c_x_d
e d y
2 2
It follows from this that (E) =°_ a,, ,
x d b
" a_ ¢
? A
a® e\’ ¢ xd ¢
and hence e (5:) _5:,(_1,‘;/.:&.

9. In the last example we have an instance of the use of
auxiliary fixed lines for the purpose of simplifying ratios and
thereby, as it were, economising power in order to grapple the more
successfully with a complicated problem. With the aid of such
auxiliary lines or (what is the same thing) auxiliary fixed points in
a figure, combined with the use of proportions, Archimedes is able to
effect some remarkable eliminations.

Thus in the proposition On the Sphere and Cylinder 11. 4 he obtains
three relations connecting three as yet undetermined points, and
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proceeds at once to eliminate two of the points, so that the problem
is then reduced to finding the remaining point by means of one
equation. Expressed in an algebraical form, the three original

relations amount to the three equations .
da—x y
2-x @
a+x E4
= T 2a-z(’
i/ m
ron

and the result, after the elimination of y and z is stated by
Archimedes in a form equivalent to
m+n a+x_ 4a®
n  a (2a—x)’

Again the proposition On the equilibrium of Planes 11. 9 proves
by the same method of proportions that, if a, b, ¢, d, z, y, are straight
lines satisfying the conditions

a b _
b ¢
d =
a-d 2(a-c)’
2a+db+be+3d -y
S5a+10b+10c+5d~ a—c’

(i, (¢>b>c>d)

and

then x+y=3a

The proposition is merely brought in as a subsidiary lemma to the
proposition following, and is not of any intrinsic importance ; but a
glance at the proof (which again introduces an auxiliary line) will
show that it is a really extraordinary instance of the manipulation
of proportions.

3. Yet another instance is worth giving here. It amounts to
the proof that, if
a

@t p=b

20 +x
a+zx

then

2a—x
2 (a4 — =T a2 - 2
Y (e—x) + a__x.y(a+m)_4ab.

4, A’ are the points of contact of two parallel tangent planes to a
spheroid ; the plane of the paper is the plane through 44’ and the
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axig of the spheroid, and PP’ is the intersection of this plane with
another plane at right angles to it (and therefore parallel to the
tangent planes), which latter plane divides the spheroid into two
segments whose axes are AN, A'N. Another plane is drawn through

P

/

the centre and parallel to the tangent plane, cutting the spheroid
into two halves. Lastly cones are drawn whose bases are the
sections of the spheroid by the parallel planes as shown in the
figure.

Archimedes’ proposition takes the following form [On Conoids
and Spheroids, Props. 31, 32].

APP’' being the smaller segment of the two whose common base
is the section through PP’, and w, y being the coordinates of P,
he has proved in preceding propositions that

(volume of) segment APP’ 2a+x

‘(volume of) cone APP" ~ a+a
half spheroid ABB"
and ~cone ABE’ S U (8),

and he seeks to prove that
segment A'"PP’ 2a-ua
cone A'’PP’ ~ a-=z°

The method is as follows.

We have cone ABB" a b a a®
cone APP' a-x'y* a—x a’-2a2
3 a
If we suppose R w T s ()
the ratio of the cones becomes -, -~ .
a® — &
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Next, by hypothesis (a),
cone APP’ a+x
segmt. APP'~ %a+2’
Therefore, ex aequali,
cone ABB’ za
segmt. APP'~ (a-2)(2a+x)’
It follows from (B) that

spheroid 4@
segmt. APP' ™ (a—z) (2a+zx)’
segmt. A'PP’_ 4za— (¢ —=x) (2a +x)

whence  oomt. APP'"  (a—x) (20 +2)

_z(2a-2)+(2a+2)(z —a—z)
(a—a)(Ca+z)

Now we have to obtain the ratio of the segment A'PP’ to the cone
A’PP’, and the comparison between the segment AP P’ and the cone
A'PP’ is made by combining two ratios ex aequali. Thus

segmt. APP' 2a+2 (a)
cone APP' ~ axz’ Y\

and cone APP' a—w
cone A'PP'~ a+a’

Thus combining the last three proportions, ex aequali, we have

segmt. A'PP' z(2¢a-x)+(2a+2)(z-a :'—L)
“cone A'PP’ T a? + 2ax + a*

_z2(2a-2)+(2a+2)(2—a—2)
T za-2)+QRa+a)a ’
since a*=z(a —x), by (y).

[The object of the transformation of the numerator and denominator
of the last fraction, by which 2z (2« — ) and z (@ — 2:) are made the

. 2a — x
first terms, is now obvious, because % o 18 the fraction which

Archimedes wishes to arrive at, and, in order to prove that the
required ratio is equal to this, it is only necessary to show that

2a_fac=z_—__(a—x).]
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Now 2a—z_ . o
a—x a—x
2
:1+a’ by (Y):
_atz
T oa

=7 1(‘;‘_”) (dividendo),

segmt. A'PP' 20 —x

so that i /il S
cone A'PP’ a—x

4. One use by Euclid of the method of proportions deserves
mention because Archimedes does not use it in similar circumstances.
Archimedes (Quadrature of the Parabola, Prop. 23) sums a particular
geometric series

a+a(l)+e(})’+...+a(@)"!?
in a manner somewhat similar to that of our text-books, whereas
Euclid (1x. 35) sums any geometric series of any number of terms by
means of proportions thus.

Suppose ¢;, @, ... @, Gyyy to be (n+1) terms of a geometric
series in which a,,, is the greatest term. Then

R L L % L
Ay Ay Cy_o @
Therefore s S Yl S . Il
a" a".—l al

Adding all the antecedents and all the consequents, we have

g1~ O _

O+t +...+a, @

which gives the sum of » terms of the series.

§ 2. Earlier discoveries affecting quadrature and cuba-
ture.

Archimedes quotes the theorem that circles are to one another as
the squares on their diameters as having being proved by earlier
geometers, and he also says that it was proved by means of a certain
lemwina which he states as follows: “Of unequal lines, unequal
surfaces, or unequal solids, the greater exceeds the less by such a
magnitude as is capable, if added [continually] to itself, of exceeding
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any given magnitude of those which are comparable with one angther
(rdv wpos dAApAa Aeyopévwr).” We know that Hippocrates of Chios
proved the theorem that circles are to one another as the squares on
their diameters, but no clear conclusion can be established.as to the
method which he used. On the other hand, Eudoxus (who is
mentioned in the preface to The Sphere and Cylinder as having
proved two theorems in solid geometry to be mentioned presently)
is generally credited with the invention of the method of exhaustion
by which Euclid proves the proposition in question in x11. 2. The
lemma stated by Archimedes to have been used in the original proof
is not however found in that form in Euclid and is not used in the
proof of xi1. 2, where the lemma used is that proved by him in
X. 1, viz. that “ Given two unequal magnitudes, if from the greater
[a part] be subtracted greater than the half, if from the remainder
[a part] greater than the half be subtracted, and so on continually,
there will be left some magnitude which will be less than the lesser
given magnitude.” This last lemma is frequently assumed by
Archimedes, and the application of it to equilateral polygons in-
scribed in a circle or sector in the manner of xi1. 2 is referred to as
having been handed down in the Klements*, by which it is clear
that only Euclid’'s £lements can be meant The apparent difficulty
caused by the mention of two lemmas in connexion with the theorem
in question can, however, I think, be explained by reference to
the proof of x. 1 in Euclid. He there takes the lesser magnitude
and says that it is possible, by multiplying it, to make it some time
exceed the greater, and this statement he clearly bases on the 4th
definition of Book v. to the effect that “ magnitudes are said to bear
a ratio to one another, which can, if multiplied, exceed one another.”
Since then the smaller magnitude in x. 1 may be regarded as the
difference between some two unequal magnitudes, it is clear that the
lemma first quoted by Archimedes is in substance used to prove the
lemma in Xx. 1 which appears to play so much larger a part in the in-
vestigations in quadrature and cubature which have come down to us.

The two theorems which Archimedes attributes to Eudoxus
by namet are

(1) that any pyramid is one third part of the prism which has
the same base as the pyramid and equal height, and

* On the Sphere and Cylinder, 1. 6.
+ ibid. Preface.
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@) that any cone is one third part of the cylinder which has
the same base as the cone and equal height.

The other theorems in solid geometry which Archimedes quotes
as having been proved by earlier geometers are*:

(3) Cones of equal height are in the ratio of their bases, and
conversely.

(4) If a cylinder be divided by a plane parallel to the base,
cylinder is to cylinder as axis to axis.

(5) Cones which have the same bases as cylinders and equal
height with them are to one another as the cylinders.

(6) The bases of equal comes are reciprocally proportional to
their hetghts, and conversely.

(7) Cones the diameters of whose bases have the same ratio as
their axes are in the triplicate ratio of the diameters of their bases.

In the preface to the Quadrature of the Parabola he says
that earlier geometers had also proved that

(8) Spheres have to one another the triplicate ratio of their
diameters ; and he adds that this proposition and the first of those
which he attributes to Eudoxus, numbered (1) above, were proved
by means of the same lemma, viz. that the difference between
any two unequal magnitudes can be so multiplied as to exceed
any given magnitude, while (if the text of Heiberg is right) the
second of the propositions of Eudoxus, numbered (2), was proved
by means of “a lemma similar to that aforesaid.” As a matter
of fact, all the propositions (1) to (8) are given in Euclid’s twelfth
Book, except (5), which, however, is an easy deduction from (2);
and (1), (2), (3), and (7) all depend upon the same lemma [x. 1]
as that used in Eucl. xm. 2.

The proofs of the above seven propositions, excluding (5), as
given by Euclid are too long to quote here, but the following sketch
will show the line taken in the proofs and the order of the propo-
sitions. Suppose ABCD to be a pyramid with a triangular base,
and suppose it to be cut by two planes, one bisecting 4B, AC,
4D in F, @7, E respectively, and the other bisecting BC, BD, BA
in /M, K, F respectively. These planes are then each parallel to
one face, and they cut off two pyramids each similar to the original

* Lemmas placed between Props. 16 and 17 of Book 1. On the Sphere and
Cylinder.

H. A. d
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pyramid and equal to one another, while the remainder of; the
pyramid is proved to form two equal prisms which, taken together,

A

are greater than one half of the original pyramid [xm. 3]. Tt is
next proved [xi1. 4] that, if there are two pyramids with triangular
bases and equal height, and if they are each divided in the
manner shown into two equal pyramids each similar to the whole
and two prisms, the sum of the prisms in one pyramid is to the
sum of the prisms in the other in the ratio of the bases of the
whole pyramids respectively. Thus, if we divide in the same
manner the two pyramids which remain in each, then all
the pyramids which remain, and so on continually, it follows
on the one hand, by x. 1, that we shall ultimately have
pyramids remaining which are together less than any assigned
solid, while on the other hand the sums of all the prisms
resulting from the successive subdivisions are in the ratio of
the bases of the original pyramids. Accordingly Euclid is able
to use the regular method of exhaustion exemplified in x11. 2,
and to establish the proposition [x11. 5] that pyramids with the
same height and with triangular hases are to one another as their
bases. The proposition is then extended [x11. 6] to pyramids with the
same height and with polygonal bases. Next [xi1. 7] a prism with
a triangular base is divided into three pyramids which are shown
to be equal by means of xi1. 5; and it follows, as a corollary, that
any pyramid is one third part of the prism which has the same
base and equal height. Again, two similar and similarly situated
pyramids are taken and the solid parallelepipeds are completed,
which are then seen to be six times as large as the pyramids
respectively ; and, since (by x1. 33) similar parallelepipeds are in
the triplicate ratio of corresponding sides, it follows that the same
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is true of the pyramids [x1. 8]. A corollary gives the obvious
extension to the case of similar pyramids with polygonal bases,
The proposition [x11. 9] that, in equal pyramids with triangular
bases, the bases are reciprocally proportional to the heights is
proved by the same method of completing the parallelepipeds and
using X1 34; and similarly for the converse. It is next proved
[x11. 10] that, if in the circle which is the base of a cylinder a
square be described, and then polygons be successively described
by bisecting the arcs remaining in each case, and so doubling the
number of sides, and if prisms of the same height as the cylinder
be erected on the square and the polygons as hases respectively,
the prism with the square base will be greater than half the
cylinder, the next prism will add to it more than half of the
remainder, and so on. And each prism is triple of the pyramid with
the same base and altitude. Thus the same method of exhaustion
as that in x11. 2 proves that any cone is one third part of the
cylinder with the same base and equal height. Exactly the same
method is used to prove [xi1. 11] that cones and cylinders which
have the same height are to one another as their bases, and
[x11. 12] that similar cones and cylinders are to one another in
the triplicate ratio of the diameters of their bases (the latter
proposition depending of course on the similar proposition x11. 8
for pyramids). The next three propositions are proved without
fresh recourse to x. 1. Thus the criterion of equimultiples laid
down in Def. 5 of Book v. is used to prove [x11. 13] that, if a
cylinder be cut by a plane parallel to its bases, the resulting
cylinders are to one another as their axes. It is an easy deduction
[x1r. 14] that cones and cylinders which have equal bases are
proportional to their heights, and [x11. 15] that in equal cones
and cylinders the bases are reciprocally proportional to the heights,
and, conversely, that cones or cylinders having this property are
equal. Lastly, to prove that spheres are to one another in the
triplicate ratio of their diameters [x1r. 18], a new procedure is
adopted, involving two preliminary propositions. In the first of
these [x11. 16] it is proved, by an application of the usual lemma
X. 1, that, if two concentric circles are given (however nearly
equal), an equilateral polygon can be inscribed in the outer circle
whose sides do not touch the inner ; the second proposition [xi1. 17]
uses the result of the first to prove that, given two concentric
spheres, it is possible to inscribe a certain polyhedron in the outer

d2
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so that it does not anywhere touch the inner, and a corollary ndds
the proof that, if a similar polyhedron be inscribed in a second
sphere, the volumes of the polyhedra are to one another in the
triplicate ratio of the diameters of the respective sphercs. This
last property is then applied [x11. 18] to prove that spheres are
in the triplicate ratio of their diameters.

§ 3. Conic Sections.

In my edition of the Conics of Apollonius there is a complete
account of all the propositions in conics which are used by Archi-
medes, classified under three headings, (1) those propositions
which he expressly attributes to earlier writers, (2) those which
are assumed without any such reference, (3) those which appear to
represent new developments of the theory of conics due to Archi-
medes himself. As all these properties will appear in this
volume in their proper places, it will suffice here to state only
such propositions as come under the first heading and a few under
the second which may safely be supposed to have been previously
known.

Archimedes says that the following propositions ‘“are proved
in the elements of conics,” i.e. in the earlier treatises of Euclid

and Aristaeus.

1. In the parabola
(@) if PV be the diameter of a segment and QVq the
chord parallel to the tangent at P, then QV=Vg;

(b) if the tangent at @ meet VP produced in 7, then
PV=PT;

(c) if two chords QVq, Q'V’q’ each parallel to the tangent
at P meet the diameter I’V in V, V' respectively,

PV :PV' =QV::Q'V"™

2. If straight lines drawn from the same point touch any
conic section whatever, and if two chords parallel to the respective
tangents intersect one another, then the rectangles under the
segments of the chords are to one another as the squares on the
parallel tangents respectively,

3. The following proposition is quoted as proved ‘“in the conics.”

If in a parabola p, be the parameter of the principal ordinates,
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Q@ "any chord not perpendicular to the axis which is bisected in V"
by the diameter PV, p the parameter of the ordinates to PV, and
if @D be drawn perpendicular to PV, then

QV::QD*=p : p,
[On Conoids and Spheroids, Prop. 3, which see.]

The properties of a parabola, PN°=p,. AN, and QV:=p.PV,
were already well known before the time of Archimedes. In fact
the former property was used by Menaechmus, the discoverer of
conic sections, in his duplication of the cube.

It may be taken as certain that the following properties of the
ellipse and hyperbola were proved in the Conics of Euclid.

1. For the ellipse
PN? : AN.A'N=P'N'"? : AN' . A'N'=CB* : C4*?
and QVE.PV.P'V=QV'*: PV’ .PV'=CD*:CP*
(Either proposition could in fact be derived from the proposition

about the rectangles under the segments of intersecting chords
above referred to.)

2. For the hyperbola
PN : AN .A'N=P'N'*: AN’ . A'N
and QV:PV.P'V=Q'V'2: PV'.P'V',
though in this case the absence of the conception of the double
hyperbola as one curve (first found in Apollonius) prevented Euclid,

and Archimedes also, from equating the respective ratios to those
of the squares on the parallel semidiameters.

3. In a hyperbola, if P be any point on the curve and PA,
PL be each drawn parallel to one asymptote and meeting the
other,

PK . PL = (const.)
This property, in the particular case of the rectangular hyperbola,
was known to Menaechmus.

It is probable also that the property of the subnormal of the
parabola (¥G':=}p,) was known to Archimedes’ predecessors. It
is tacitly assumed, Or Aoating bodies, 11. 4, etc.

From the assumption that, in the hyperbola, A7 < AN (where
N is the foot of the ordinate from P, and 7’ the point in which the
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tangent at P meets the transverse axis) we may perhaps fnfer
that the harmonic property

TP :TP'=PV:P'V,
or at least the particular case of it,

TA :TA'=AN : A'N,
was known before Archimedes’ time.

Lastly, with reference to the genesis of conic sections from
cones and cylinders, Euclid had already stated in his Pheenomena
that, “if a cone or cylinder be cut by a plane not parallel to the
base, the resulting section is a section of an acute-angled cone
[an ellipse] which is similar to a fupeds.” Though it is not probable

that Euclid had in mind any other than a right cone, the statement
should be compared with On Conoids and Spheroids, Props. 7, 8, 9.

§4. Surfaces of the second degree.

Prop. 11 of the treatise 0w Conoids and Spheroids states without
proof the nature of certain plane sections of the conicoids of revo-
lution. Besides the obvious facts (1) that sections perpendicular
to the axis of revolution are circles, and (2) that sections through
the axis are the same as the generating conic, Archimedes asserts
the following.

1. In a paraboloid of revolution any plane section parallel to
the axis is a parabola equal to the generating parabola.

2. In a hyperboloid of revolution any plane section parallel

to the axis is a hyperbola similar to the generating hyperbola.

3. In a hyperboloid of revolution a plane section through the
vertex of the enveloping cone is a hyperbola which is not similar
to the generating hyperhola

4. In any spheroid a plane section parallel to the axis is an
ellipse similar to the generating ellipse.

Archimedes adds that ¢the proofs of all these propositions
are manifest (gpavepal).” The proofs may in fact be supplied as
follows.

1. Section of a paraboloid of revolution by a planc parallel
to the axis.
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Suppose that the plane of the paper represents the plane section
through the axis 4V which intersects the given plane section at right
angles, and let A'0O be the line of intersection.
Let POP’ be any double ordinate to AN in the
section through the axis, meeting 4°0 and AN
at right angles in O, &V respectively. Draw 4'M
perpendicular to AN.

Suppose a perpendicular drawn from O to
A4'0 in the plane of the given section parallel to
the axis, and let y be the length intercepted by
the surface on this perpendicular.

Then, since the extremity of » is on the
circular section whose diameter is PP’,

y*=PO.OP".

If 4’0 ==, and if p is the principal parameter of the generating
parabola, we have then

y*'=PN*- ON*

=PN2_A'M?
—p (AN = 431
= p%,

so that the section is a parabola equal to the generating parabola.

2, Section of « hyperboloid of revolution by a plane parallel to

the axis.
Take, as before, the plane section through the axis which intersects

AN

the given plane section at right angles in A'O. Let the hyperbola
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PAP' in the plane of the paper represent the plane section through
the axis, and let ¢' be the centre (or the vertex of the enveloping
cone). Draw CC’ perpendicular to C4, and produce 04’ to meet it
in C'. Let the rest of the construction be as before.

Suppose that

CA=a, C'A'=a’, C'0 :a,
and let ¥ have the same meaning as before.
Then y¥*=P0O.0P' =PN*-A'M"
And, by the property of the original hyperbola,
PN CN=C2=A"M*: (M2~ CA* (which is constant).
Thus A'M?: CM*—CA*=PN*:CN*-CA*
=PN*—A'M?: CN*-CM*
=y’ a"—a’y

whence it appears that the section is a hyperbola similar to the
original one.

3. Section of a hyperboloid of revolution by a plane passing
througl the centre (or the vertex of the enveloping comne).

I think there can be no doubt that Archimedes would have proved
bis proposition about this section by means of the same general
property of conics which he uses to prove Props. 3 and 12--14 of
the same treatise, and which he enunciates at the beginning of
Prop. 3 as a known theorem proved in the “clements of conics,” viz
that the rectangles under the segments of intersecting chords are as
the squares of the parallel tangents.

Let the plane of the paper represent the plane section through
the axis which intersects the given plane passing through the
centre at right angles. Let ('A’O be the line of intersection, C
being the centre, and A’ being the point where C4'0 meets the
surface. Suppose CAMN to be the axis of the hyperboloid, and
POp, P'O’p’ two double ordinates to it in the plane section through
the axis, meeting C4'0 in O, O’ respectively ; similarly let A4’ be
the ordinate from A’. Draw the tangents at A4 and A4’ to the
section through the axis meeting in 7', and let Q0q, Q'0'q’ be the
two double ordinates in the same scction which are parallel to the
tangent at 4’ and pass through O, O’ respectively.

Suppose, as before, that y, y’ are the lengths cut off by the
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surface from the perpendiculars at O and O to OC in the plane of
the given section through C4'0, and that

CO=x, CO'=2', CA=a, CA"=d«'

.y
=
A
c q

P

Then, by the property of the intersecting chords, we have, since

QO:O(],
PO .Op:QO=T.1°%:T4"

=LP'0".0p :Q'0~
Also y*=P0 . Op, y'*=P'0". 0'p/,
and, by the property of the hyperbola,
QO :22—a?=Q'0? :2'*—a’.
It follows, ex arquali, that
yriat-at=yt it (a),
and therefore that the section is a hyperbola.

To prove that this hyperbola is not similar to the generating
hyperbola, we draw CC’ perpendicular to C., and C'.’ parallel to
Cd meeting CC’ in €' and Pp in U.

If then the hyperbola (a) is similar to the original hyperbola, it

must by the last proposition be similar to the hyperbolic section
made by the plane through C''A’'(” at right angles to the plane of

the paper.
Now CO*-CA”=(C'U*-C’'4")+(CC'+0U)*--CC"*
>C'U*—-C'4"3,
and PO .Op<PU. Up.
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Therefore PO . Op:CO*-CA*<PU.Up:C'U*-C'4",

and it follows that the hyperbolas are not similar*.

4. Section of a spheroid by a plane parallel to the axis.

That this is an ellipse similar to the generating ellipse can of
course be proved in exactly the same way as theorem (2) above
for the hyperboloid.

* I think Archimedes is more likely to have used this proof than one on the
lines suggested by Zeuthen (p. 421). The latter uses the equation of the
hyperbola simply and proceeds thus. If y have the same meaning as above,
and if the coordinates of P referred to C4, CC’ as axes be z, x, while those of O
referred to the same axes are z, r’, we have, for the point P,

22=x (2* - a?),
where « is constant.
Also, since the angle A'CA is given, 2’ =az, where a is constant.

Thus Yr=2%- "= (k — a?) 2% —xa?.
co
Now z is proportional to CO, being in fact equal to Vigad' and the equation
becomes

—a2
yr= e COP K@ (),

1+
which is clearly a hyperbola, since a*<«.

Now, though the Greeks could have worked out the proof in a geometrical
form equivalent to the above, I think that it is alien from the manner in which
Archimedes regarded the equations to central conics. These he always expressed
in the form of a proportion

2 2 b2
x“!{; = E"—l-: 22 I: =a in the case of the ellipse] ,
and never in the form of an equation between areas like that used by
Apollonius, viz.
2= ip 2,
y=pr+

Moreover the occurrence of the two different constants and the necessity
of expressing them geometrically as ratios between areas and lines respectively
would have made the proof very long and complicated ; and, as a matter of fact,
Archimedes never does express the ratio y?/(z? — a?) in the case of the hyperbola
in the form of a ratio between constant areas like b2/a?. Lastly, when the
equation of the given section through CA’O was found in the form (1), assuming
that the Greeks had actually found the geometrical equivalent, it would still
have been held necessary, I think, to verify that

Cantlta)
K—a
before it was finally pronounced that the hyperbola represented by the equation
and the section made by the plane were one and the same thing.
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We are now in a position to consider the meaning of Archimedes’
remark that ¢ the proofs of all these properties are manifest.” In
the first place, it is not likely that ‘“manifest” means “known” as
having been proved by earlier geometers; for Archimedes’ habit is
to be precise in stating the fact whenever he uses important
propositions due to his immediate predecessors, as witness his
references to Eudoxus, to the Elements [of Euclid], and to the
‘““elements of conics.” When we consider the remark with reference
to the cases of the sections parallel to the axes of the surfaces
respectively, a natural interpretation of it is to suppose that
Archimedes meant simply that the theorems are such as can easily
be deduced from the fundamental properties of the three conics now
expressed by their equations, coupled with the consideration that
the sections by planes perpendicular to the axes are circles. But I
think that this particular explanation of the ‘“manifest” character
of the proofs is not so applicable to the third of the theorems
stating that any plane section of a hyperboloid of revolution
through the vertex of the enveloping cone but not through the axis
is a hyperbola. This fact is indeed no more ‘“manifest” in the
ordinary sense of the term than is the like theorem about the
spheroid, viz. that any section through the centre but not through
the axis is an ellipse. But this latter theorem is not given along
with the other in Prop. 11 as being *“manifest” ; the proof of it is
included in the more general proposition (14) that any section of a
spheroid not perpendicular to the axis is an ellipse, and that parallel
sections are similar. Nor, seeing that the propositions are essen-
tially similar in character, can I think it possible that Archimedes
wished it to be understood, as Zeuthen suggests, that the proposition
about the hyperboloid alone, and not the other, should be proved
directly by means of the geometrical equivalent of the Cartesian
equation of the conic, and not by means of the property of the
rectangles under the segments of intersecting chords, used earlier
[Prop. 3] with reference to the parabola and later for the case of
the spheroid and the elliptic sections of the conoids and spheroids
generally. This is the more unlikely, I think, because the proof
by means of the equation of the conic alone would present much
more difficulty to the Greek, and therefore could hardly be called
‘ manifest.”

It seems necessary therefore to seek for another explanation,
and I think it is the following. The theorems, numbered 1, 2, and
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4 above, about sections of conoids and spheroids parallel to the®axis
are used afterwards in Props. 15—17 relating to tangent planes;
whereas the theorem (3) about the section of the hyperboloid by a
plane through the centre but not through the axis is not used in
connexion with tangent planes, but only for formally proving that a
straight line drawn from any point on a hyperboloid parallel to any
transverse diameter of the hyperboloid falls, on the convex side of
the surface, without it, and on the concave side within it. Hence
it does not seem so probable that the four theorems were collected
in Prop. 11 on account of the use made of them later, as that they
were inserted in the particular place with special reference to the
three propositions (12—14) immediately following and treating of the
elliptic sections of the three surfaces. The main object of the whole
treatise was the determination of the volumes of segments of the
three solids cut off by planes, and hence it was first necessary to
determine all the sections which were ellipses or circles and therefore
could form the bases of the segments. Thus in Props. 12-14
Archimedes addresses himself to finding the elliptic sections, but,
before he does this, he gives the theorems grouped in Prop. 11 by
way of clearing the ground, so as to enable the propositions about
elliptic sections to be enunciated with the utmost precision. Prop.
11 contains, in fact, explanations directed to defining the scope of
the three following propositions rather than theorems definitely
enunciated for their own sake; Archimedes thinks it necessary to
explain, before passing to elliptic sections, that sections perpen-
dicular to the axis of each surface are not ellipses but circles, and
that some sections of each of the two conoids are neither ellipses nor
circles, but parabolas and hyperbolas respectively. It is as if he had
said, “ My object being to find the volumes of segments of the three
solids cut off by circular or elliptic sections, I proceed to consider
the various elliptic sections ; but I should first explain that sections
at right angles to the axis are not ellipses but circles, while sections
of the conoids by planes drawn in a certain manner are neither
ellipses nor circles, but parabolas and hyperbolas respectively. With
these last sections I am not concerned in the next propositions, and
I need not therefore cumber my book with the proofs ; but, as some
of them can be easily supplied by the help of the ordinary properties
of conics, and others by means of the methods illustrated in the
propositions now about to be given, I leave them as an exercise for
the reader.” This will, I think, completely explain the assumption
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of ali the theorems except that concerning the sections of a spheroid
parallel to the axis; and I think this is mentioned along with the
others for symmetry, and because it can be proved in the same way
as the corresponding one for the hyperboloid, whereas, if mention of
it had been postponed till Prop. 14 about the elliptic sections of a
spheroid generally, it would still require a proposition for itself, since
the axes of the sections dealt with in Prop. 14 make an angle with
the axis of the spheroid and are not parallel to it.

At the same time the fact that Archimedes omits the proofs of
the theorems about sections of conoids and spheroids parallel to the
axis as “manifest” is in itself sufficient to raise the presumption
that contemporary geometers were familiar with the idea of three
dimensions and knew how to apply it in practice. This is no matter
for surprise, seeing that we tind Archytas, in his solution of the
problem of the two mean proportionals, using the intersection of a
certain cone with a curve of double curvature traced on a right
circular cylinder*. But, when we look for other instances of early
investigations in geometry of three dimensions, we find practically
nothing except a few vague indications as to the contents of a lost
treatise of Euclid’s consisting of two Books entitled Susface-loci
(rémor wpos émpavela)t. This treatise is mentioned by Pappus
among other works by Aristaeus, Euclid and Apollonius grouped
as forming the so-called roros dvalvduevos. As the other works in
the list which were on plane subjects dealt only with straight lines,
circles and conic sections, it is @ priort likely that the surfuce-loci of

* Cf. Eutocius on Archimedes (Vol. 1. pp. 98—102), or dpollonius of Perga,
pp. xxii.—xxiii.

+ By this term we conclude that the Greeks meant ¢‘loci which are surfaces ”
as distinct from loci which are lines. Cf. Proclus’ definition of a locus as
‘g position of a line or a surface involving one and the same property”
(ypaupds 7 émpavelas Oéais mowdoa & kal TalTdv cUumTwua), p. 394. Pappus
(pp. 660—2) gives, quoting from the Plane Loci of Apollonius, a classification of
loci according to their order in relation to that of which they are the loci. Thus,
he says, loci are (1) épexrikol, i.e. fized, e.g. in this sense the locus of a point is
a point, of a line a line, and 8o on; (2) dietodikoi or moving along, & line being in
this sense the locus of a point, a surface of a line, and a solid of a surface;
(3) dvaoTpogixol, turning backwards, i.e., presumably, moving backwards and
forwards, a surface being in this sense the locus of a point, and a solid of a line.
Thus a surface-locus might apparently be either the locus of a point or the
locus of a line moving in space.

1 Pappus, pp. 634, 636.
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Euclid included at least such loci as were conmes, cylinders and
spheres. Beyond this, all is conjecture based upon two lemmas
given by Pappus in connexion with the treatise.

First lemma to the Surface-loci of Euclid*. .

The text of this lemma and the attached figure are not satisfac-
tory as they stand, but they have been explained by Tannery in a
way which requires a change in the figure, but only the very slightest
alteration in the text, as followst.

“If AB be a straight line and CD be parallel to a straight line
given in position, and if the ratio 4D . DB : DC* be [given], the
point C lies on a conic section. €
If now 4B be no longer given in
position and 4, B be no longer
given but lie on straight lines
AE, EB given in positionf, the c
point C raised above [the plane 5 \
containing AE, EB] is on a
surface given in position. And
this was proved.”

According to this interpretation, it is asserted that, if 45 moves
with one extremity on each of the lines 4%, EB which are tixed,
while DC is in a fixed direction and AD . DB : DC? is constant,
then O lies on a certain surface. So far as the first sentence is
concerned, AB remains of constant length, but it is not made
precisely clear whether, when 43 is no longer given in position, its
length may also vary§. If however 4B remains of constant length
for all positions which it assumes, the surface which is the locus of
C would be a complicated one which we cannot suppose that Euclid
could have profitably investigated. It may, therefore, be that
Pappus purposely left: the enunciation somewhat vague in order to
make it appear to cover several surface-loci which, though belonging
to the same type, were separately discussed by Euclid as involving

D

* Pappus, p. 1004.

+ Bulletin des sciences math., 2° Série, vi. 149.

+ The words of the Greek text are yévnrar 8¢ wpds Oéoe edfeia Tais AE, EB,
and the above translation only requires et@elais instead of etfeta. The figure in
the text is so drawn that ADB, AEB are represented as two parallel lines, and
CD is represented as perpendicular to ADB and meeting AEB in E.

§ The words are simply ‘“if AB be deprived of its position (crepnfy tis
Oégews) and the points 4, B be deprived of their [character of] being given”
(orepnfy 700 Gobévros elvas).
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in each case somewhat different sets of conditions limiting the
generality of the theorem.

It is at least open to conjecture, as Zeuthen has pointed out*,
that two eases of the type were considered by Euclid, namely, (1)
that in which 4B remains of constant length while the two fixed
straight lines on which 4, B respectively move are parallel instead
of meeting in a point, and (2) that in which the two fixed straight
lines meet in a point while 4B moves always parallel to itself
and varies in length accordingly.

(1) In the first case, where the length of AB is constant and
the two fixed lines parallel, we should have a surface described by a
conic moving bodilyt. This surface would be a cylindrical surface,
though it would only have been called a “ cylinder” by the ancients
in the case where the moving conic was an ellipse, since the essence
of a “cylinder” was that it could be bounded between two parallel
circular sections. If then the moving conic was an ellipse, it would
not be difficult to find the circular sections of the cylinder; this
could be done by first taking a section at right angles to the axis,
after which it could be proved, after the manner of Archimedes,
On Conoids and Spheroids, Prop. 9, first that the section is an ellipse
or a circle, and then, in the former case, that a section made by
a plane drawn at a certain inclination to the ellipse and passing
through, or parallel to, the major axis is a circle. There was
nothing to prevent Euclid from investigating the surface similarly
generated by a moving hyperbola or parabola; but there would
be no circular sections, and hence the surfaces might perhaps not
have been considered as of very great importance, )

(2) In the second case, where AE, BEK meet at a point and
AB moves always parallel to itself, the surface generated is of
course a cone. Some particular cases of this sort may easily have
been discussed by Euclid, but he could hardly have dealt with the
general case, where DC has any direction whatever, up to the
point of showing that the surface was really a cone in the sense
in which the Greeks understood the term, or (in other words)
of finding the circular sections. To do this it would have been
necessary to determine the principal planes, or to solve the dis-

* Zeuthen, Die Lehre von den Kegelschnitten, pp. 425 sqq.
+ This would give a surface generated by a moving line, Siefodikds ypauuis
as Pappus has it.
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criminating cubic, which we cannot suppose Euclid to have done.
Moreover, if Euclid had found the circular sections in the most
general case, Archimedes would simply have referred to the fact
instead of setting himself to do the same thing in the particular
case where the plane of symmetry is given. These remarks apply
to the case where the conic which is the locus of C is an ellipse ;
there is still less ground for supposing that Euclid could have
proved the existence of circular sections where the conic was a
hyperbola, for there is no evidence that Euclid even knew that
hyperbolas and parabolas could be obtained by cutting an oblique
circular cone.

Second lemma to the Surface-loci.

In this Pappus states, and gives a complete proof of the propo-
sition, that the locus of a point whose distance from a given point
is in a given ratio to its distance from a fixed line is a conic
section, which is an ellipse, a parabola, or a hyperbola according
as the given ratio is less than, equal to, or greater than wunity*.
Two conjectures are possible as to the application of this theorem
by Euclid in the treatise referred to.

(1) Consider a plane and a straight line meeting it at any angle.
Tmagine any plane drawn at right angles to the straight line and
meeting the first plane in another straight line which we will call
X. If then the given straight line meets the plane at right angles
to it in the point S, a conic can be described in that plane with
S for focus and X for directrix ; and, as the perpendicular on X
from any point on the conic is in a constant ratio to the per-
pendicular from the same point on the original plane, all points
on the conic have the property that their distances from § are in
a given ratio to their distances from the given plane respectively.
Similarly, by taking planes cutting the given straight line at right
angles in any number of other points besides S, we see that the locus
of a point whose distance from a given straight line is in a given
ratio to its distance from a given plane is a cone whose vertex 1is
the point in which the given line meets the given plane, while the
plane of symmetry passes through the givem line and 8 at right
angles to the given plane. If the given ratio was such that the
guiding conic was an ellipse, the circular sections of the surface

* See Pappus, pp. 1006—1014, and Hultsch’s Appendix, pp. 1270—1273 ; or
cf. Apollonius of Perga, pp. Xxxvi.—XXxViii,

































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































